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Abstract--A FORTRAN computer program is presented and documented which implements a new. 
two-stage finite-element Numerov~S, alerkin method for integrating the nonlinear shallow-v, ater equations 
on a ,f-plane limited-area domain, in this method high accuracy is obtained by combining the Galerkin 
product with a high-order compact (hence the name Numerov) difference approximation to derivatives in 
the nonlinear advection operator. Conservation of integral invariants is obtained by nonlinear constrained 
optimization using the Augmented-Lagrangian method, allowing perfect conservation of the integral 
invariants for long-term integrations. 

Program options include the use of a weighted selective lumping scheme in the finite.element method. 
use of either a Gauss-Seidel or a successive overrelaxation (S.O.R.) itcrative mcth~nt for solving the 
resulting systems of linear equations, a line-printer plot of the fields contours and finally, determination at 
each time-step of the values of three integral invariants of the shallow-water equations. A solver for periodic 
pentadiagonal matrices resulting from the application of the high-order difference approximation is 
included. Long-term numerical integrations (10-20 days) have been performed using this program. Small- 
scale noise was eliminated using a Shum:m filter, periodically applied to one component of the velocity field. 

The method was determined to exhibit a consistently higher accuracy than the single-stage linite-element 
method and c:m be use to advant:,ge by meteorologists and oce:mographers. Due to the code being modular 
and flexible it can be changed easily to suit the aims of different researchers. A vectorized version of the 
code, operative on a CYBER-205 also is .'tvailable. 

Key Word.~: Finite-element methods, Shallow-water equations, Augmentcd-Lagrangian methods. 

INTROI)UCTION 

It has become customary in developing new num- 
erical methods for numerical weather prediction or 
occanography to study first the simpler nonlinear 
shallow-water equations system, which possesses the 
same mixture of slow and fast-moving waves as the 
more complex barocline three-dimensional primitive 
equations of motion. One of the issues associated with 
numerically solving these equations is how to treat the 
nonlinear advective terms (Cullcn and Morton, 1980). 
In this paper a two-stage Galcrkin method combined 
with a high-accuracy compact (Numerov) approxi- 
mation to the first derivative is presented. For more 
theoretical background the reader is referred to Cull- 
en and Morton (1980) and Navon (1979a, 1979b, 
1983). 

The finite-element method when applied to mete- 
orological and oceanographic problems gives an 
accurate phase propagation and also handles non- 
linearities well. The Galerkin finite-element is conser- 
vative and therefore avoids aliasing errors associated 
with nonlinear terms. It has the advantage over the 
finite-difference method of being flexibile in the trcat- 
merit of irregular domains and to allow a variable 
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resolution, thus permitting a focus on regions of  in- 
terest. 

This model can be used to model the upwelling 
problem in oceanography, to stud)' current patterns in 
coastal waters, and in meteorology it can be applied 
for studying the dynamics of observed large-scale 
waves in the earth's atmosphere. 

In the first section of this paper the finite-element 
Galcrkin solution of the shallow-water equations is 
reviewed and a brief survey of previous research on 
this topic in meteorology and oceanography is given. 
The shallow-water equations describe the dynamics 
of a shallow rotating layer of homogeneous, incom- 
pressible, and inviscid fluid with a free surface. The 
shallow-water equations model is capable of describ- 
ing important aspects of atmospheric and oceanic 
motions. The derivation of the two-stage Numerov- 
Galcrkin method for the advective terms of the shal- 
low-water equ:ttions is given in another part of this 
paper and the remainder is devoted to a description of 
the finite-clement code and specifications for its use. 
Typical run outputs arc provided to illustrate each 
stage of the calculations. A listing of the FORTRAN 
IV source code of the program FEUDX is included in 
the Appendix. (A vectorized version of the program 
FEUDX, termed FEUDXI,  is available for interested 
users.) The typical outputs illustrating the compact 
storage method, the printer-plotted maps of the 
height field as well as the constrained minimization 
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procedure also are included. The code itself is docu- 
mented amply with a wealth of comments--allowing 
first-time users of  a finite-element code to understand, 
and if so wished, to modify, the finite-element pro- 
gram. 

THE FINITE-ELEMENT GALERKIN SOLUI'ION OF 
SHALLO%'-~'ATER EQUATIONS 

Derivation o f  the basic f ini te-element algorithm 
The barotropic nonlinear shallow-water equations 

on a limited-area domain of a rotating earth (using 
the fl-plane assumption) have the following form: 

v, + uv,  + vv,. + ok,. + f u  (I)  

,~, + (~u), + (~v) ,  

0 <~ x <~ L. 0 <~ y <~ D, t = O. 

Here t, and v are the velocity components in the x and 
v directions, respectively; f is the Coriolis parameter 
by the ]/-plane approximation: 

, =  , ,+ , ( ,  _ ,2, 
q ~ 

where ] a n d  II arc constants. L and D are the dimen- 
sions of the rectangular domain of  integration, 
ch = gh is the gcopotential, tt is the depth of the fluid 
and g the acceleration of  gravity. 

The beta plane assumption in a model consists of 
a model in which tbe effect of the earth's sphericity is 
modeled by a linear variation in the Coriolis param- 
eter l '  = 2f~ sin 0 about a mean latitude 0o, in an 
otherwise pkmar geometry. This is termed the//-plane 
assumption, t icre fl is the angular velocity of the 
earth's rotation and 0 is latitude, f = 2fl sin 00 
/Io = (2.q/ro) cos 0o where r0 is the radius of the earth. 

Periodic boundary conditions are assumed in the 
x-direction, whereas rigid boundary conditions 

v(x ,  o, t) = v(x,  D, t) = 0 (3) 

are imposed in the y direction. 
In the finite-element Galerkin discretization we use 

linear piecewise polynomials on triangular elements 
where for a given triangular element each variable is 
represented as a linear sum of interpolating functions, 
for example 

u¢. = ~_, u,(t)Vflx, y) (4) 
/ -1  

where u~(t) reprc.~nts the scalar nodal value of the 
variable u at the mode of  the triangular element, 
whereas Vj is the basis function (interpolation func- 
tion) which can be defined by the coordinates of  the 
modes. Within each triangle any point is affected by 
only the three basis functions that have nodal points 
at the three vertices of the triangle. 

In what follows the Galerkin formulation with the 

Einsteinian notation is used, that is a repeated index 
implies summation with respect to that index. 

The notation used is 

( f ( x .  y), ~:) = .,~.,, f ff(x. v)~; d.~dy 

which defines the inner product when a function is 
multiplied by a trial function. A convenient procedure 
for evaluating integrals for each triangle is given in 
Zienkiewicz (1978) and Desai and Abel (1972). it 
involves introducing triangular coordinates differing 
linearly across each triangle in the same way as the 
basis function. The integrals then can be evaluated 
analytically using the following formula for area inte- 
grals 

f f  ~ a,b,c, L IL~L~dxdy  = (a + b + c + "~)~ (6) 
, 4  - ' 

where a, b, and c are integers, L,, (i = I, 2, 3) are the 
basic functions for the triangular linear element as 
well as the natural coordinate variables. 

I 
L, = ~ ( a , v +  b,x + c,) I = 1 ,2 ,3  

A--area  of the triangle (7) 

a, = ) ' j -  y , ,  b, = x k -  xj, c, = . x ~ y , -  .,qy~ 

i, j ,  k cyclically pcrmuted (i, j ,  k = I., 2, 3). (8) 

The derivatives of the shape functions L, arc: 

~?l., b, t?L, c, i = l, ") 3. (9) 
Ox 2A'  FJ)' 2A 

A timc extrapolated Crank-Nicolson timc- 
differcncing scheme was applied for integrating in 
time the system of ordinary differential cquations 
resulting from the application of the Galerkin finite- 
element method (Navon, 1979a. 1979b). 

Upon introducing the time discrctization in the 
continuity cquation, which is the first to be solved at 
a given time-step, we obtain: 

At 
M(~7" '  - 07) - T K,(q~7*' + ~bT) = 0. (10) 

Here n is the time level (t, = nat) ,  At  the time- 
step, At' is the mass matrix givcn by 

where the element-mass matrix (3 x 3) is 

M~ I = A,.  (12)  
" I 

obtained by using the integration Equation (6). KI 
gives also rise to a (3 x 3) element matr ix (Navon 
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and Muller, 1979) and only after the assembly process 
are the global (N x N) matrices obtained. 

A A 

(13) 

In our notation we use already the global matrices 
and u" and v" are given by 

3 u" 1 u"- I 
u* = u "~': = -~ - ~  + 0 ( A ? )  

(14) 

V* = V~'+I2 3 V" [ V n - I  = ~ - ;  + o ( a t : )  

and result from the time extrapolated Crank-Nicol- 
son method (see Douglas and Dupont, 1970; Wang 
and others, 1972: etc.). This method is used to quasili- 
nearize the nonlinear advective terms. 

After an amount of algebra the u and v-momen- 
tum equations are obtained with the following form: 

At -, , , i  
M(u7 t _ u7 ) + T Kz(u, + u,) 

At 
+ -~-(K~[I + KT,) + Atl', = 0, 

(15) 

L'~I £'*¢,p n ~ I 
M(vT" - v 7) + -4" " ' , " ,  + vT) 

At ~ 
+ T ( h , ,  j + A';~) + At/', = O, 

(16) 

where the following matrix definitions have been used 

K*, = f f  u~ V x E t~-~ dA + ff v~VxV, ~ dA,(17) 
A A 

= "ex ~ V, dA, (18) 

e: = fJ fv~V~Z,  dA, (19) 

K~ = u"x'' Vx O.--~" dA + v~. V x ~ dA, (20) 

K~'," = ~b~:*' Oy V, dA, (21) 

P, = j j .  x I.~.V, dA (22) 

and similar definitions for K'~t and K~'.,,, respectively. 

Brief review of  previous finite-element sohaions o f  
shallow-water equations in meteorology and 
oceanography 

Interest in solving the shallow-water equations 
using the finite-clement method had been increasing 

during the last few years. The shallow-water equa- 
tions have been used for a wide variety of coastal 
phenomena such as tide-currents, pollutant disper- 
sion. storm-surges, tsunami wave propogation, up- 
welling, drift-sand transport, etc. A comprehensive 
review of the application of the finite-element method 
for solving shallow-water equations describing coas- 
tal as well as oceanographic phenomena was provided 
by Kawahara (1980). He compared the different 
finite-element methods as far as time integration 
procedures, selection of interpolating elements, and 
finally different applications are concerned. 

Brebbia and Partridge (1976a. 1976b) as well as 
Connor and Brebbia (1976) described shallow-water 
finite-element models applied to modeling tidal effects 
and current patterns in coastal waters. Hua and Tho- 
masset (1980, 1984) applied a finite-element scheme 
for the problem of coastal upwelling induced by winds 
in the sea waters using a two-layer shallow-water 
equations model and a semi-implicit time-integration 
scheme. Their model was built following that of 
O'Brien and Hulbcrt (1972). For an implementation 
of the Hua and Thomassct method for studying eff- 
ects of coastline geometry on upwellings see Crt~pon, 
Richcz, and Chattier (1984). Foreman (1983, 1984) 
analyzed the accuracy of finite-clement methods 
which solve lincarized shallow-water equations inclu- 
ding group-velocity analysis as well as phase-velocity 
error analysis. This analysis however is limited by the 
lincarity assumption as well as by the assumption of 
periodic boundary conditions. In his 1984 paper, 
Foreman (1984) an:dyzcs the wave equation linite- 
clement method developed by Gray and Lynch (1978) 
who transform the continuity equation in the shallow- 
water equations model to a second-order partial dif- 
ferential equation. He also analyzes the Thacker 
(1978) irregular grid finite difference technique--and 
draws conclusions as far as accuracy and computa- 
tional costs are concerned. Amongst his conclusions is 
that Crank-Nicolson is the best time-stepping method 
to use. He also recommends use of equilateral tri- 
angles to represent accurately phase group velocity. 
Malone and Kuo (1981) used a semi-implicit finite- 
element method for computing low-frequency, low 
wave motions driven by tides and wind on continental 
shelves. Earlier work on the same topics was carried 
out by Fix (1975) and Taylor and Davis (1975; see 
also Praagman. 1979). 

In meteorology, the first application of the finite- 
element method to the shallow-water equations was 
by Wang and others (1972) solving the one-dimen- 
sional shallow-water equations using a Crank-Nicol- 
son time-discretization. Cullen (1973, 1974) solved the 
shallow-water equations both on a//-plane and on the 
sphere and pointed out some problem areas, Cullcn 
and tlall (1979) provided a clear exposition of the 
finite-element method and the analysis of the spatial 
evolutionary error in different finite-clement schemes. 
Hinsman (1975) and Hinsman and Archer (I 976) used 
linear equilaterial triangles defined on an icosahedral 
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mesh for solving the shallow-water equations on the 
sphere using an extrapolated Crank-Nicolson time 
differencing scheme. Kelley and Williams (1976), 
Older (1981). and Woodward (1981) used shallow- 
water equations finite-element models using differ- 
ently shaped triangles (right-angled and equilateral 
ones) as well as vorticity-divergence formulations 
coupled with a semi-implicit scheme. An article by 
Hinsman, Williams, and Woodward (1982) sums up 
the results• Williams (1981) examined staggered and 
unstaggered finite-element formulations for both pri- 
mitive and vorticity-divergence forms of the shallow- 
water equations. Williams and Zienkiewicz (1981) 
proposed a mixed-order type element on a staggered 
grid for linearized i-D shallow-water equations and 
prove that the staggered formulation should be 
superior. Navon (1977) reviewed the application of 
finite-element methods to quasilinear fluid flow, 
whereas Navon (1979a, 1979b) as well as Navon and 
Muller (1979) solved the shallow-water equations in a 
channel on the fl-plane using different mass-matrix 
formulation concluding that a mixed mass formula- 
tion defined by the average of consistent and lumped 
mass matrices gave the best results (.~e also Navon 
and Riphagcn, 1979 and Navon and de Villicrs, 1983). 

Sasaki and Rcddy (1980) studied tile advcction of 
a circular vortex using bilincar square elements. They 
were the first to propose a constrained variational 
method for cnstrophy conservation noting that it im- 
proved the long-term numerical integration results• 
Cullen and l lall (1979} extended the linitc-elcmcnt 
method comparisons to 3-D general circulation 
simulations. 

Staniforth and Mitchell (1977) proposed a finite- 
clement method based on two-dimensional Chfpeau 
basis function having a nice separability property and 
applied it to the shallow-water equations on the 
sphere. The method proved to be efficient for storage 
and was extended to limited area 3-D by Staniforth 
and Daley (1979) in a nested baroclinic model simu- 
lation. Staniforth (1982, 1984) provided a compre- 
hensive and lucid review of finite-element method 
applications to meteorological simulations covering 
the field up to and including 1982. 

Navon (1982, 1983) introduced the Numerov- 
Galerkin finite-element method for the shallow-water 
equations with an Augmented-Lagrangian con- 
strained-optimization method to enforce integral in- 
variants conservation• Similar work was done by 
Zienkicwicz and Hcinrich (1979) with a finite-element 
penalty method, and by Zienkiewicz and others 
(1984). 

Boumlary condition implementation 
I have adopted an approach suggested by Huebner 

(1975). In this approach one modifies the diagonal 
terms of the global matrix associated with the nodal 
variables by multiplying them by a large number, say 
10 '6 (selected with a view toward the significant digits 
available on the local computer facility and the size of 
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the field variables) whereas the corresponding term in 
the right-hand side vector R in the linear system of 
equations 

KX = R (23) 

where K is the global matrix, is replaced by the speci- 
fied boundary nodal variable multiplied by the same 
large number time the diagonal term. This procedure 
is repeated for all the boundary nodal variables. 

If for instance, in the matrix K the boundary con- 
dition 

X, = fl, (24) 

is to be implemented then its implementation is 

ku ki2 . . . . . .  ktN 

k,,k,: . . . . . .  k , "  10 '6 . . . . . . . . .  k,s 

kNikN, . . . . . .  

• X I  - 

X 2  

× 

x, 

. X  N . 

R, 

R: 

/L.K,,10 '~ 

R~ 

k~,~ 

(25) 

TIlE TWO-STAGE NUMEROV-GALERKIN SCIIEME 

The two-stage Galcrkin method (see Cullen and 
Morton, 1980) is applied to the nonlinear advective 
terms of form vdv. If we consider the advcctive opera- 
tor 

L(u, v) = u - -  (26) 
Ox 

then as shown by Cullen and Morton (1980) we can 
consider two methods. 

A direct Galerkin approximation 

Using two functions u = exp "k'). v = exp "m 

with ~ = k h ,  ~I = II1 

(27) 

where h is a positive mesh length one can show the 
asymptotic truncation error of u(Ov/Ox) is (by as- 
suming Fourier modes) 
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IT.E.I ~ 

and if ~ = ~/ 

[4¢  + 8~"~ + 7~/",~" - 2n,~ r] 
(28) 

720 

17 ~/~. 
IT.E.I ~ ff~6 (29) 

The two-stage Galerkm approximation 
In this approach one calculates the Galerkin ap- 

proximat ion to Ov/~x which we term Z: 

I 2 ! 
= lh- ' (g~,-  ~ ,).(3o) ~ z ' - '  + 5 z '  + g z ' - '  z 

Then we calculate the product  

O.v 
t¢" = u 0.---~. (31) 

 136 '6 i 1 6 .  "x "- \ ' -  .. 
I .... "- . " ? v  

~ \ . ~ "  "-. ""16 
0 "" I " "16 "" 36_1 

I 

84h 

j = 

- 5 v o -  32v~ 4- 32% + 5va 

-5v~ - 32v: + 32v~ + 5v~ 

- 5 v ~ . - 4  - 32v~, _. + 32v~. + 5v,~ ~ 
' v  ' v  - v 

-5v ,~  _~ - 32v~_:  + 32v,~., + 5v.,~l 

0 

1, "~ Nv. (36) 

2 I i l ~ , ,  + w, + . ;  = (u,_,z,_, + u,_,z, 

+ ~ z ,  _, + t ; z , , ,  + u , , , z ,  + u , . , z , . , )  

1 
4- ~ U,Z,. (321 

This can be shown to give an algori thm with an 
asymptot ic  truncation error  of  

[2,~P/ + 3,~:~I" + 2~1 ~ - 4¢1 
IT.E.I ~ 

"t,,-,,.~ N ,  720 

(33) 

and if ~ = r/ 

3 
IT.E.I ~ ¢ (34) 

r.,,-,,,~, N o 720 

that is. an error  at least six times smaller than Equa- 
tion (29). in our  approach we combine the two-stage 
Galerkin  method with a high-order compact  implicit 
difference approximat ion to the first derivative. 

This approximat ion  has a t runcat ion-error  of  
0(h 4~) and uses a finite-difference stencil o f 2 / +  I grid 
po in t s - - a t  the price of  solving a 21 + I banded matrix 
(see Swartz and Wendroff,  1974; and Navon and 
Riphagen, 1979). The compact  Numerov 0(h ~) ap- 
proximation to dv/dx is given by 

7--6 L V x / , , :  + 16 k,.LL],,, + 36 \&LI  ' 

(el l 
+ 16 \ 0 x ] , _ ,  + \ O x / , _ , J  

1 
= 84h[ -Su ,_2  - 32ud_, + 32u,~, + 5u, . : ]  

h --- Ax --- Ay. (35) 

The est imation o fdv / dx  necessitates solving a pen- 
tadiagonal  system of  the form: 

Here we interpolate v0 and v ~ .  t using 

v o = 4v I - 6v: + 4v~ - v4 
(37) 

v,~,, 4v4. - 6v~. , + 4v~ . . 

whereas for the intermediate expression Z we have: 

- I 

- 2 5 v l  + 48v: - 36v~ - 16v4 -- 3vs 

1 2 h  

+ 0(t¢) 

Z.~.. \Oy/.~. 

3v.v,._.s - 16v.v _~ + 36v , , ; ,  - 4By.v_ + 25v,v 

12h 

+ O(h~). (38) 

For  the second stage of the finite-element- 
Numerov-Galc rk in  we solve a tr idiagonal system of  
the form [4 

I \ \ \  
I \ "" 0 
~, \ \ " I [""1 

0 ' \  " "  

\1 " 4  

= l [  Vj ,Zj , + % Z l . ,  + v , - I Z I +  ] 

1 2 L V , , , Z  , + v ,L . ,  + v,.,Z,+, + 6"o,L " 

(39) 

In the second stage we interpolate the values of  Zo and 
Z. ,~,  in a way similar to Equation (38). A penta- 
diagonal  and a cyclic pentadiagonal  matrix solver 
(necessitated due to periodic boundary  conditions) 
were developed following Von-Rosenberg (1969) and 
generalizing Ahlberg. Nielson. and Walsh (1967). re- 
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spectively. A detailed account of the pentadiagonal 
solver will be published elsewhere. 

COMPUTATIONAL ECONOMY DUE TO THE 
NUMEROV--GALERKIN METHOD 

The u and v momentum Equations (15) and (16) 
undergo changes due to the use of  the Numerov-  
Galerkin finite-element method. Denoting 

?u ?V 
:.~ = z , . ,  ?v z ,~  (40) 

the intermediate Numerov approxiamtion represent- 
ing the first-stage derivatives d,u and d,v respectively 
and similar notation Z,,,, Z,.~ for the y derivatives 
corresponding to the intermediate stage of the 
Numcrov-Galerkin. We get the following modified 
matrix u-momentum equation 

at{(,,7*' - u 7) + At [(,,z,.) 7 + (vz, . )  7 - £ v 7 1  } 

= At/~:l (41) 

and in a similar manner we obta in the modif ied v- 

m o n l e n t u n l  equation 

r n ~ l t )  
m { . , 7  ' - vT) + At [(vZ,,.)* + (u"'~ Z,,,), +.l,u, h 

= AtK', (42) 

where 

I -n I 
£: ,  = ~(K.."," + K:~): £ ,  = ~(KT, '~ + KT,). 

(43) 

Compared to the single-stage Galerkin finite- 
element method we observe that Equations (41) and 
(42) result in a computational economy as the mass- 
matrix M is time-independent and is calculated only 
once. Thus, the solution process is simplified com- 
pared to the single-stage Galerkin where we have to 
solve the matrix equations 

( A,,) M + T K  (uT" - ~ )  = At(/~',t + P: + K*u~'). 

(44) 

PROGRAM FEUDX 

Grid geometry 
In our situation a cylindrical channel is used sim- 

ulating a latitude belt around the earth (see also Hin- 
sman, 1975; Kelley and Williams, 1976; Older, 1981; 
and Woodward, 19811. We have north-south walls 
and we use triangular right-angled elements to sub- 
divide our domains. Cyclic continuity is assumed in 
the x direction to simulate flow around the earth. In 
the y direction we have the north-south walls; see also 
discussion about implementation of the boundary- 
conditions. 

lnitml conditions and test problem 
The test problem used is one for the nonlinear 

shallow-water equations in a channel on the rotating 
earth, that is the initial height field condition No. 1 
used by Grammeltvedt (1969), which has been tested 
by different researchers (Cullen and Morton, 1980; 
Gustafsson, 1971; etc.). This initial condition can be 
written as 

gh(x,)') = c) = g { H 0 +  H, tanh(9(O/2-Y!)\" ~l) 

(45) 

The initial velocity fields were derived from the 
initial field via the geostrophic relationship, that is 

(7) fu = --q~,. or u = ~--~, 

fv = q~, or  v = O.-~" (46) 

The constants used were: 

L = 6000km, g = I(lmscc : 

D = 4400km, ILj = 2000m, 

f = I0 'sec I, t1~ = - 2 2 0 m ,  

It -- 1.5 x IO-Itsec tm i tI: = 133m. 

(47) 

The time and space increments 

h = Ax = Ay = 400km 
(48) 

At = 1800see 

(For stability considerations see Navon, 1979). 
The model was tested mainly on a (15 x 12) regular 
grid domain, but the code allows for any resolution. 

Computer implementation 

Program philosophy and architecture. The program 
is modular and is complemented with easily reachable 
switches controlling print and plot options and the 
display of intermediate results. The program is docu- 
mented amply, the function of each module being 
described in a short phrase. 

Input specifications. The input to the program 
consists of  a single data card of format (F5.0,515) 
containing the following six parameters: 

DT- - tbe  time step in seconds. 
NLIMIT-- to ta l  number of time-steps. 
M F - - a  parameter controlling output operations 

of the program, that is specifying that after MF time 
steps subroutine OUT is to be called. 

N O U T U - - a  parameter controlling printout of  the 
u-component of  the velocity field. If NOUTU = 0 
the u-velocity field is printed by subroutine OUT. 
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NOUTV--a  parameter controlling printout of  the 
v-component of the velocity field. If NOUTV = 0 no 
printout is obtained, and if NOUTV ~: 0 the v-velo- 
city is printed by subroutine OUT. 

NPRINT-- i f  NPRINT d: 0. the global nodal 
numbers of  each triangular element as well as the 
indices of all the nonzero entries of the global matrix 
along with the node coordinates are printed out. If 
NPRINT = 0, none of  the mentioned information is 
printed out. 

The mare program FEUDX 
The main program initializes all variables and then 

reads the only data card of the program. It then 
proceeds to index and label the nodes and the ele- 
ments, thus setting up the integration domain. This is 
done by subroutine NUMBER. (We have 16 x 12 = 
192 nodes and 330 elements, for the test case.) 

Subroutine CORRES determine the nonzero loca- 
tions in the global matrix and stores them in array 
LOCAT. The initial fields of height and velocity are 
set up by subroutine INCOND. The derivatives of the 
shape functions are calculated in AREAA. A compact 
storage scheme for the banded and sparse global ma- 
trices is implemented in subroutine ASSEM This 
method was devised initially by Hinsman (1975) and 
used by Kelley and Williams (1976), Navon (1979a, 
1979b. 1983), as well as by Older (1981) and Wood- 
ward (1981; see also tlinsman, Williams, and Wood- 
ward, 1982). The method is based on the fact that the 
maximum number of triangles supporting any node is 
six. Each row k in the N x N global matrix re- 
presents the equations written as point k and, in the 
global matrix, each row would have at most seven 
entries. Thus we have only (N x 7) nonzero entries. 
To reduce the (N × N) global matrix into an 
(N × 7) condensed matrix, a correlation address ma- 
trix, also ofsize (N x 7), storing pointers for each of 
the seven points involved in any row of the global 
matrix, has to be saved also (for details, see Hinsman, 
1975 or Woodward, 1981). 

Four different types of element matrices (3 x 3) 
will be required for assembly in the global matrices. 

:1 I 2 

(49) 
where A is the area of the triangular element. 

dV'dA A Vk2-~ (b) I [ Vx ox = Y f dA 

I 
b~ b: b~) 

I bt b,  b~ 
6 " 

bl b2 b~ 

b ,  = X k - -  X ,  

(50) 

(51) 

where xk and xj are the Cartesian coordinates for a 
given triangle. 

(c) f~ 16+& eV] V, dA 

where p, stands for either u~. %. or Sj. 
Then 

I 
2A 

= 2-.-d~.pjb j 2 
I 

= 2...~Ep, b, 2 
1 

(52) 

where p, stands for either u,, v, or d),. 

(d) I f  Vjpj V K 0~: 2-~ dA O'-'~" dA = f1  Vjp' Vx 

= 2~ i ~ P ' + g  p~ ; 2-7 

lap, +p2+p,)~, (2p, +p2+p,)~2 (:p, +p:+p,)h,] 
/(p, + zp. + , ,~,  (,, + 2p= + p~)b. ( . ,  + 2.: + e,)b, I .  
1 / 

Lop, + p2 + 2p~)bl (P, + P2 + 2p;)b2 (Pz + P, + 2P~)bl.] 
(53) 

A switch, denoted NSWITCH is set for selecting 
between the different types of  element matrices. After 
setting up the time independent global matrices the 
program proceeds to the main do-loop which per- 
forms the time-integration and which is executed once 
for every new time-step. 

As the solution of the nonlinear constrained opti- 
mization problem of enforcing conservation of the 
nonlinear integral invariants requires scaling of the 
variables so that the scaled variables should be of 
some order of  magnitude and order unity in the region 
of interest, the scaling is performed in the main pro- 
gram as well as in subroutine INCOND. 

The scaling also should result in the nonlinear 
equality constraints being of the same order of  mag- 
nitude to avoid one constraint dominating the others. 

in the main integration loop the simulation time is 
set up and adjusted and then the subroutines ASSEM 
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and M A M U L T  set up and assemble the global ma- 
trices which then are added up in a matrix equation, 
first for the continuity Equation (10) and in a similar 
manner for the u and v-momentum Equations (41) 
and (42). 

Subroutine SOLVER then is called to solve the 
resulting system of linear equations (of block tridia- 
gonal form) either by a Gauss-Seidel or S.O.R. 
method, with different parameters for the continuity 
and the u and v-momentum equations. 

The new field values for the geopotential and velo- 
cities, .,.,~,4, "*~, t~ *E, z,"~,, respectively, are used im- 
mediately as obtained in solving the coupled shallow- 
water equations system. For the u and v-momentum 
equations, the new two-stage Numerov-Galerkin 
scheme is implemented. Separate routines are set up 
for the x and .v-derivatives advection terms. DX and 
DY respectively. The role of these subroutines will be 
discussed in detail when individual subroutines are 
described. 

The boundary conditions are implemented by sub- 
routine BOUND. Periodically, a Schuman filtering 
procedure is implemented for the v-component of 
velocity only, by calling stibroutine SMOOTIt .  The 
integral invariants are calculated at each time-step by 
calling subroutine LOOK. 

If the variations in the integral invark, nts exceed 
the alh)wable limits 6~. 6,,  or 6,,, the Augmented- 
l.agrangian nonlinear constrained optimization 
proccdt, rc is activated. The unconstrained optimiza- 
tion uses the conjugate-gradient subroutine E04DBF 
of the NAG( 19821 scientific library, which determines 
an unconstrained minimum of a I~nction of several 
variables, using lirst derivatives, by the conjugate- 
gradient method. 

One sets up an Augmcnted-Lagrangian function, 
with initial muhiplicrs UH, UZ, and UE correspond- 
ing to the constraints of total mass, potential cn- 
strophy, and tott, I energy, respectively; also initial 
penalties PNLT|I ,  PNLTZ, and PNLTE are set up. 
An initial value for the parameter ETA (scaled) is also 
set up. 

An array XC contains the variables before the 
constrained minimization adjustment. The NAG li- 
brary conjugate-gradient unconstrained minimizer 
solver E04DBF is used to minimize the Augmented- 
Lagrangian. The unconstrained minimization is con- 
sidered to be accomplished once a threshold accuracy 
dependent on ETA is attained. 

Thereafter, the Lagrange multipliers, penalties and 
the parameter ETA are updated (see Navon and de 
Villiers, 1983) and another cycle of Augmented- 
Lagrangian minimization is carried out. 

The process is set to stop either when the nonlinear 
equality constraints are satisfied within a preset accu- 
racy or when ETA becomes too small, that is when the 
number of Augmented-Lagrangian minimization cy- 
cles exceeds a preset limit. Practically 4-5 Augmen- 
ted-Lagrangian minimization cycles were determined 
to be sufficient. 

Subroutine E04DBF calls a user-supplied subrout- 
ine FUNCT which evaluates the function value and 
its gradient vector as well as subroutine MONIT 
whose purpose is merely to print out different mini- 
mization parameters. After a predetermined number 
of steps, subroutine OL-I" is called, which in turn calls 
upon the subroutines LOOK and MAPPA to cal- 
culate the integral invariants and to produce a line- 
printer plot of  height or of velocity fields contours. 

Detailed description of the various subroutines 

Subroutine INCOND( PSI.U,V.H.F, NODE, 
NROW, NCOL). Subroutine INCOND sets up the 
initial height field and geopotential field and then 
using Equation (45), calculates the initial velocity field 
components u and v as well as the Coriolis parameter 
f It prints out the initial fields and calls upon LOOK 
and MAPPA to generate initial-time integral in- 
variants as well as a lineprinter plot of the geopoten- 
tial field. 

Parameters of INCOND: 
PSI--real  array of dimension NODE (geopoten- 

tial). 
U . V - r e a l  arrays of dimension NODE. Contain 

on exit the u and v wind components. 
F - r e a l  array of dimension NODE. Contains on 

exit the Coriolis parameter. 
NODE-in teger - to ta l  number of nodes (180). 
NROW--integer ,  number of nodes-I in x direc- 

tion. 
NCOL--- integer, number of nodes- I in the )'-di rcc- 

tion. 
Subroutine NUMBER (NPRINT). Subroutine 

NUMBER k, bcls the elements in a direction selected 
to minimize the maximum bandwidth+ numbers the 
nodes, and stores the global node numbers of the 
three vertices of each triangle (element). In addition, 
the global coordinates of each node are calculated and 
the cyclic boundary conditions implemented. IF 
NPRINT = 0 no printout occurs. Otherwise the 
array NOD which stores the global node numbers of 
each element along with the arrays X and Y which 
contain the coordinates of all the nodes is printed. 

Subroutine AREAA This subroutine calculates the 
x and ).-derivatives of the shape functions and stores 
them in the arrays AT and BT of dimension (3,300). 
There are 330 dements (15 × II x 2). It also cal- 
culates the area of the triangular element. 

Subroutine BOUND ( LEFT, RIGllT.BX, BY, 
NB.~'.NBY.NODE.JC.JR). This subroutine imple- 
ments the boundary conditions (as detailed in the 
.section on Boundary Condition Implementation), 
after the system of linear equations AX = R has been 
obtained. 

The parameters of subroutine BOUND are: 
LEFT-- rea l  array of dimension (7,NODE). On 

entry LEFT contains the nonzero elements of matrix 
A. On exit it contains the modified matrix A through 
implementation of  the boundary conditions. 
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RIGHT--real  array of dimension (NODE). On 
entry contains vector R. On exit R is modified accord- 
ing to the boundary conditions. 

BX.BY--real arrays of dimensions (2,JC), (2,JR) 
respectively containing the boundary values. 

NBX,NBY--integer arrays of  dimensions (2JC), 
(2.JR) containing the numbers of boundary nodes. 

NODE--already defined. 
JC,JR--number of boundary nodes in the x and 

y-directions respectively. 
Subroutine OUT ( U. V.PSI.JC.JR.NODE. 

NOUTU.NOUTV.TIME.NTIME,F). Subroutine 
OUT is an output routine which, when called upon, 
prints out the height field as well as the U and V fields. 
OUT calls subroutines MAPPA and LOOK. 

Parameters of OUT (not defined previously): 
NOUTU,NOUTV--integers specifying printout 

options for U and V fields. 
TIME--real, the real time. 
NTIME--integer, specifies number of time-steps. 
Subroutine SOL VER ( COAIA. RIGHT.XSOL V. 

NODE.EPS.ITERMAX). This subroutine is dedi- 
cated to the solution of the resulting systcm of linear 
algebraic equations of the form 

AX = R (54) 

by iterative methods. Two versions are available. One 
using a Gauss-Seidel iterative method whereas the 
other uses a successive under-relaxation method with 
different relaxation parameters for the systems result- 
ing from the continuity and the u and v-momentum 
equations respectively. An under-relaxation was 
determined to perform best in the situation. 

The parameters are: 
COMA--a  real array of dimension (7,NODE). On 

entry the array COMA contains the nonzero entries 
of the matrix A. Unchanged on exit. 

RIGtlT--rcal  array of dimension (NODE). On 
entry the array RIGHT will contain the elements of 
the right-hand side vector R. Unchanged on exit. 

NODE--number of nodes which is also the num- 
ber of equations. 

XSOLV--real array of dimension NODE. On 
entry XSOLV contains a first guess for the solution 
vector. On exit XSOLV contains the solution vector 
obtained by the iterative procedure. 

EPS--relative error controlling the iterative 
process, that is if 

II.¢ ~ - .~k -l~iI 
ii,~k,ll < EPS (55) 

we stop successfully the iterations, the procedure has 
been completed successfully. 

ITERAMAX--maximal number of  iterations. If 
convergence has not been reached after ITERAMAX 
iterations the procedure is completed unsuccessfully 
and it will print "NO CONVERGENCE".  

Subroutine MAMULT (COMA.VECTOR. 
RIGHT.NODE). Subroutine MAMULT multiplies a 
matrix stored in compact form (i.e., only nonzero 

entries) by a vector V. Here COMA contains the real 
array of the compact matrix of dimension (7,NODE). 

VECTOR--real  array of dimension NODE. 
RIGHT--real  array of  dimension NODE. On exit 

it will contain the product R. (COMA'V = R). 
Subroutine ASSEM (COMA.STI.NODE.NELE. 

NSWITCH.PSIUV.CODI,AREA). Subroutine 
ASSEM assembles the local 3 × 3 element matrices 
for each element of the domain and stores the non- 
zero coefficients in compact form in the global matrix 
COMA. Here NODE is the integer number of nodes 
and NELE the integer number of elements. 

NSWITCH--is  an integer which determines which 
type of local element matrix must be used for the 
assembly into a global matrix. [Type (a), (b), (c), or (d) 
following Eqns. (49)-(53)]. 

STI--a  real array of dimension (3,3) serving as 
working space used for generating the different 
(3 x 3) element matrices. 

PSIUV--a real array of dimension (NODE). On 
entry contains the values of either U, V, or PSI fields 
depending upon the type of global matrix to be 
assembled, Unchanged on exit. 

CODI-- is  a real array of dimension (3,NELE) 
containing on entry the x or y derivative of  the shape 
functions. Unchanged on exit. 

ASSEM also uses the array LOCAT of dimension 
(6,NODE) which is a pointer-address matrix contain- 
ing all the indices for nonzero elements in the global 
matrix. For each node LOCAT is giving a connectiv- 
ity list of the adjaccnt nodes plus the node itself. In 
total, 7 for interior nodcs or 5 for bound:try nodcs. 
For each triangular element, ASSEM is searching for 
a correspondence between the 3 node numbers of the 
element and the nodes connectivity list to determine 
thc position in the global matrix where the contribu- 
tion is to be added. 

Subroutine CORRES( NPRINT). Subroutine 
CORRES locates all the nonzero locations of the 
global matrix--by establishing the connectivity list 
- -and  stores these indices in the array LOCAT of 
dimension (6,NODE). 

The parameter NPRINT when different from zero 
will cause the array LOCAT to be printed (see exam- 
ple of such a printout). 

Subroutine M A P PA ( PSI.C.NX.NZ.G ). This sub- 
routine provides a visual display of the height (geo- 
potential) field by lineprinting an isoline contour plot 
of the height field for every 50 m. The parameter PSI 
is the forecast field to be contoured, whereas the 
parameter C is the inverse of the contour interval 
multiplied in this instance by the relevant scaling 
factors. Here NX is the number of nodes + i in the 
xdirection and NZ is the number of nodes + I in the 
y direction. 

Subroutine LOOK (UU. VI,'.PSIPSI,NX, NY, 
TIME.NTIME.G.NODE.F). This subroutine cal- 
culates, at each time-step it is called the total energy, 
potential enstrophy and mean height (total mass) 
which are the integral invariants of the shallow-water 
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Figure I. Typical element and nodes numbering for triangu- Figure 2. Neighboring nodes for each node, that is triangles 
lar finite element on rectangular domain, supporting given node. 

equations. It also can calculate CPU-time spent be- equations generated by the spline approximation. 
tween a given number of time-steps. Here UU, VV, In the second stage it implements the second part 
and PSIPSI stand for the velocity field components of the Numerov-Galerkin algorithm for the nonlinear 
and the geopotential field respectively, advective term u(du/dx) and solves a cyclic tridiagonal 

Subroutine D.Y (R,S,A,NODE, NR,NC, DIST.V). system [Eqn. (39)] by calling upon subroutine 
Subroutine DX implements the two-stage Numerov- CYCTRD. The final result is returned in the array 
Galcrkin algorithm described previously for the ad- R(192). 
vective terms in the u and v-momentum equations Sufiroutine PENTDG (U,F,N.Y). This subroutine 
involving the x-derivative, solves a pcntadiagonal system of linear equations of 

In the first stage it calculates the O(h ~) accurate the form: 
generalized-spline approximation to the (~'~u/?x) first 
derivative by calling upon subroutine CYCPNT A*U(I - 2) + BoU(I - I) + C*U(I) 

which solves a periodic pentadiagonal system oflinear + D*U(I + I) + E-U(! + 2) 
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Figure 3. Initial height field using space resolution of  Ax = Ay = 400 km, contoured in intervals of  50 m, 
from 1800 to 2200 m. Scaled values o f  total mass  (H), potential enstropy (Z), and total energy (E) also are 

displayed. Grid of  16 x 12 points was used. 

= F(I) I <~ I <~ N X .  (56) 

This is a utility subroutine. 
Subroutine CYCPNT (Z,Z,NX). This routine 

solves a periodic pentadiagonai matrix (resulting 
from the periodic boundary conditions in one coor- 
dinate direction). The method used extends an 
algorithm due to Ahlberg, Nielson, and Walsh (1967) 
and it uses subroutine PENTDG for solving part of 
this algorithm. 

Subroutine NCTRD (U,D,NX). This is a special- 
ized tridiagonal solver routine which implements the 

second stage of the Numerov--Galerkin method [Eq. 
(39)] for the (Ou/dy) derivative (i.e., the one which has 
no periodic boundary conditions) in subroutine DY. 

Subroutine C YCTRD ( D,Z.NX ). This subroutine 
is a cyclic tridiagonal solver implementing the second 
stage of the Numerov-Galerkin method for the (du/ 
dx) derivative, for which we have periodic boundary 
conditions. It is called by subroutine DX and it needs 
a tridiagonal solver obtained by calling subroutine 
TRIDG. The method of solution is based on the 
algorithm of Ahlberg, Nielson, and Walsh (1967). 

Subroutine TRIDG (U,D.NX). This subroutine is 
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Figure 4. Five-day forecast of height field using numerical integration with NumerowGalerkin finite- 
element shallow-water equations solver, depicted by isopleths drawn at 50m intervals. Domain is covered 

by 16 × 12 grid. 

the usual tridiagonal solver based on the familiar 
Thomas algorithm for tridiagonal matrices. It is 
called by subroutine CYCTRD. 

Subroutine D Y (R,S,A,NODE, NR,NC, DISTY). 
Subroutine DY implements the two-stage Numerov- 
Galerkin algorithm described previously for the ad- 
vective terms in the u and v-momentum equations 
involving the y-derivative. In its first stage it calculates 
the O(h A) accurate generalized-spline approximation 
to the (du/dy) first derivative by calling upon subrou- 
tine PENTDG which solves the usual pentadiagonal 
system of linear equations generated by the 
generalized-spline approximation. 

In the second stage subroutine DY implements the 
second part of the Numerov-Galerkin algorithm for 
the nonlinear advective term u(?u/d,y) and solves the 
Galerkin product by calling upon subroutine 
NCTRD to solve a special tridiagonal system. The 
final result is stored in array R(192). 

Subroutine FUNCT (N,XC,FC,GC). This is a 
user-supplied routine used in conjunction with the 
NAG (1982) Scientific Library routine E04DBF, 
which is a conjugate-gradient function minimization 
subroutine based on the Fletcher and Reeves (1964) 
method. Subroutine FUNCT calculates the function 
to be minimized which is the Augmcnted-Lagrangian 
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I 2 3 4 5 6 7 8 9 18 11 
1 

÷ 222222222222222 111 eee 999 888888 
22222222222222 111 ee8 999 88888 
22222222222222 111 eo 999 888888 

2 
+ 22222222222222 111 eee 9999 8888888 

22222222222222 11 ee 9999 88888888 
2222222222222 111 eee 999 888888888 

3 
+ 222222222222 111 eee 999 888888888 

222222222222 111 Bee 999 888888888 
22222222222 11 eee 999 8888888888 

4 
+ 22222222222 111 880 99 88888688888 

22222222222 111 ee9 999 88888888888 
22222222222 111 @O0 99 88888888888 

5 
+ 22222222222 111 coo 99 888888888888 

22222222222 111 eeO 99 88888888888 
22222222222 111 go 999 88888888888 

6 
222222222222 111 ee 999 8888888888 
222222222222 111 8ee 999 888888888 
222222222222 111 eoo 9999 88888888 

7 
+ 2222222222222 1111 eee 99999 88888888 

2222222222222 111 008 99999 8888888 
22222222222222 111 eee 99999 8888888 

8 
+ 222222222222222 1111 8ee 9999 888888 

2222222222222222 111 88 999 888888 
2222222222222222 1111 eeo 999 88888 

9 
+ 22222222222222222 I I11  eee 9999 88888 

22222222222222222 1111 900 999 88888 
22222222222222222 I I11  eee 999 888888 

19 
+ 22222222222222222 1111 eee 999 88888 

22222222222222222 I l l  ee 999 88888 
22222222222222222 111 oee 9999 888888 

11 
+ 22222222222222222 i l i  eo 9999 888888 

22222222222222222 111 eoe 999 888888 
22222222222222222 11 O~ 999 8888888 

12 
+ 22222222222222222 111 ee 99 8888888 

2222222222222222 111 ee 99 88888888 
2222222222222222 11 88 999 88888888 

13 
+ 2222222222222222 111 ee 99 88888888 

2222222222222222 111 88 99 88888888 
2222222222222222 111 ee 99 88888888 

14 
+ 222222222222222 111 ee 999 888888888 

222222222222222 111 ee 99 88888888 
222222222222222 111 eo 99 8888888 

15 
+ 222222222222222 111 ee 999 888888 

222222222222222 111 ee 99 888888 
222222222222222 111 eee 99 88888 

16 
+ 222222222222222 111 eee 999 888888 

12 
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t 2 3 4 5 6 7 8 9 18 11 12 

Figure 5. Ten-day forecast of height field using numerical integration with Numerov-Galerkin finite- 
element shallow-water equations solver, depicted by isopleths drawn at 50m intervals. Domain is covered 

by 16 × 12grid. 

and stores it in array FC of dimension (3*NODE). 
The vector x is also of length 3*NODE and is stored 
in array XC, whereas the gradient of the Augmented- 
Lagrangian with respect to the variables u, v, and h is 
stored in array GC also of dimension 3*NODE. 

Subroutine MONIT (N.SC.FC,GC.NCALL, 
TEST). This is a user-supplied monitoring routine 
used in conjunction with the NAG (1982) Scientific 
Library routine EO4DBF, which is a conjugate- 
gradient function minimization subroutine. Sub- 
routine MONIT tests the peformanee of  the con- 
jugate-gradient routine, monitors the number of 
conjugate-gradient iterations (NCALL), the norm of 

the gradient and performs some tests for the Augmen- 
ted-Lagrangian constrained minimization. 

Subroutine SMOOTH (ZK.TEM,NX.NY). Sub- 
routine SMOOTH implements a low-pass filter de- 
signed to filter out short wavelength components. It is 
applied periodically only to the v-momentum equa- 
tion (every 12h) and follows the method of filtering of 
Shuman (1957). The smoothing is applied sequen- 
tially in the two coordinate directions x and y. 

Examples of output 
Examples of  the FEUDX output are provided in 

order to illustrate the different options of the pro- 
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SCALED TIME: 6 5 5 2 . ~  
SCALED TIME: 6576 .ee  
SCALED TIME: 6588. ee 
SCALED TIME: 6666 .ee  
SCALED TIME: 6624 .ee  
SCALED TIME: 6642 .ee  
SCALED TIME: 6666. ee 
SCALED TIME: 6678. Be 
SCALED TIME: 6696. ee 
SCALED TIME: 6714 .ee  
SCALED TIME: 6732 .ee  
SCALED TIME: 6756 .00  
SCALED TIME: 6768 .ee  
SCALED TIME: 6786 .00  
ETA - e.  leeeeeE+e3 
R , N, Z / E :  
U , H, Z •  E: 
PENALTIES. H. Z k E: 
$UMSQ AT CALL I - 
ERRORS . N. Z • E : 
NORM - e .  7 2 0 8 2 e E - e 2  
SUMSO AT CALL 3 - 
ERRORS . H. Z • E : 
NORM . e.  542eS4E-e3 
SCALED TIME: 6786. ee 
ETA - e. 8eeeeeE+e2 
R . H, Z k E :  
U , H, Z • E: 
PENALTIES, H, Z • E: 
S~SO AT CALL I - 
ERRORS . H, Z • E : 
NORM - e. 542e54E-e3 
SUMSO AT CALL 3 = 
ERRORS . H, Z • E : 
NORM - e. S 12545E-e3 
SCALED TIME: 6786 .00  
ETA - 8 .64eeeec+e2 
R . H. Z • E: 
U , H, Z i E: 
PENALTIES, N, Z • E: 
SUMSO AT CALL I - 
ERRORS , H. Z • E : 
NORM , e. 512545E-e3 
SUMSO AT CALL 3 - 
ERRORS , H. Z • E : 
NORM - 6. 567637E-e3 
SUMSO AT CALL 5 - 
ERRORS , H, Z • E : 
NORM - e. 231687E-63 
SCALED TIME: 6786.ee  
ETA - e . s t  2eeeE+e2 
R . H. Z •  E: 
U , H, Z •  E: 
PENALTIES, H. Z • [ :  
SUMSO AT CALL. 1 - 
ERRORS , H, Z • [ : 
NORM - e. 23t 687E-63 
SUMSQ AT CALL 4 - 
ERRORS . H. Z • [ : 
NORM - e. 204615E-e3 
SCALED TIME: 6786 .ee  

CONSTRAINTS H, Z • 
CONSTRAINTS H, Z • 
CONSTRAINTS H, Z • 
CONSTRAINTS H, Z • 
CONSTRAINTS N, Z & 
CONSTRAINTS H, Z • 
COI~TRAINTS N, Z k 
CONSTRAINTS H. Z • 
CONSTRAINTS H. Z • 
CONSTRAINTS. H, Z • 
CONSTRAtNTS, H. Z • 
CONSTRAINTS. H. Z • 
CONSTRAINTS, H, Z • 
CONSTRAINTS, H, Z • 

E: e.199769E--61 e.694326E+61 e.sBeteeE,~ee 
E: e .199769E-61 e.694327E+61 e.586167E+ee 
E: e.199769E-61 e.694343E+61 e.586115E+ee 
E: e . 1 9 9 7 6 9 [ - 6 1  e.694368E+61 e .586121 [+ee  
E: e .199769E-e t  e.694395E+81 e.586124E+ee 
[ :  e . 199769E-e t  e.694426E+61 e.586125E+86 
E: e . 1 9 9 7 6 9 E - e l  e .694442E+el  e.586126E+60 
E: e . 1 9 9 7 6 9 E - e l  e .69446eE+el  e.sB6129E+ee 
E: e . 1 9 9 7 6 9 E - e l  e .694341E+el  e.s86128E+ee 
E: e .199769E-61 e.694374E+61 e.586132E+60 
E: e .199769E-01 e.694386E+61 e.586137E+ee 
E: e .199769E-61 e.694367E+61 e.586139E+ee 
E: e .199769E-e l  e .694333E+e l  e .se6 t4eE+ee  
E: e .199769E-e l  e .694297E+el  e 58614eE+ee 

e.eoeeeeE+ee e .seeeeeE+oe e.seeeeeE+ee 
e.eoooooE+ee e.eoooooE+oe e.eeee~oE+Oe 
e .eeu¢ees+ee e . l e e e e e E + e l  6 .1eeeeeE+el  

e .eee~E~ee , GNORM = e.5324E+ee 
-e .231449E-e4  - e . 7 2 0 7 5 e E - e 2  e .1eo485E-e3  

ETA • I ~  - e .72682eE+ee 
e .1645E-e5  , GNORM - e .6093E-62  

- e . 3 4 4 8 8 7 E - e 4  - 0 . 2 7 5 2 0 1 E - . . 6 3  - e . 4 6 6 9 9 7 E - e 3  
ETA * NORM - e .542654E-e1 

MIN. VALUE - 0 .720820E-61 

MIN. VALUE - e,72o826E+oo 
CONSTRAINTS, H. Z k E: e .199655E-e l  e .694990E+el  0.585573E+Oe 

o.eeeeoeE+ee e .sooooeE+oe o.2ooOOOE+OO 
O.OOOeOO[+OO - 0 . 5 5 0 4 0 2 E - 0 3  -@.233499E-62 
o.ooooooE+oo e . l e e o e e E + e l  e .2seeeeE+Ol  

e . e e o e [ + e e  . GNOeM - e . 3 e 3 e E - e l  
- e . 344887E-e4  - e . 2 7 5 2 0 1 E - e 3  - e . 4 6 6 9 9 7 E - e 3  

ETA , NORM - e .433643E-01 MIN. VALUE - e .720820E-61 
e .8367E-e8  , CNO~,~ - e .16~9E-61 

-0 .349236E-04  0 .171473E-03  - 0 . 4 8 3 0 1 1 E - 0 3  
ETA * NORM = 0.410036E-61 MIN. VALUE - 0 .726820E-01 

CONSTRAINTS, N. Z I E: 0 .199651E-01 e.695635E+01 0.585557E+00 

e.eeeeeeE+eo e 2 e e e o o E + o e  e .eeeeeeE-Ol  
e . e e e e e e [ + e e  0 .366962E-63  - e . 8 3 7 2 6 3 [ - 0 2  
e.eoooooE+ee e .250000E÷ot  e.625000E+01 

e.eoeeE+oo . GNORM - e ,9742E-61 
- 0 . 3 4 9 2 3 6 E - 6 4  e .171473E-e3  - e . 4 8 3 6 1 1 E - 0 3  

ETA • NORM - e .328629E-61 MIN. VALUE - e .72~B26E-e2 
e .1441E-07  , GNORM - e .4637E-61 

- e . 3 3 6 5 5 6 E - 0 4  - 0 . 3 8 9 5 4 6 E - 6 3  - .e .412873E-63 
ETA • NORM - e . 3 6 3 2 8 7 [ - 6 1  MIN. VALUE - e .720820E-02 

e . t 9 6 2 E - 0 5  , GNORM - e .4659E-62  
- e . 2 5 2 5 6 7 [ - 6 4  - e . 1 4 9 1 9 5 E - 6 3  e .177256E-63  

ErA • NORM - e . 1 4 8 2 8 e E - e l  MIN. VALUE - e .72e82eE-e2  
CONSTRAINTS, H. Z & E: e .199747E-e l  e .695ee2E+el  e.586217E+eo 

e.eeeeoeE+ee e .8eeeeeE-e l  e . 320660E-e l  
e.eeeeeeE+ee - e . 1 5 5 7 9 7 [ - 6 2  - e . 2 8 3 3 3 7 E - 6 2  
e.eoooooE+ee e .625000E÷et  o.15625eE+O2 

6.eeeeE+ee , GNORM - e .1350E+ee 
-e.252567E..-e4 - e . 1 4 9 1 9 b E - e 3  e .177256E-e3  

ETA * NORM - e . 1 1 8 6 2 4 E - e l  MIN. VALUE - e .148280E-62 
e .282eE-e8  , GNORM - e . 5 9 2 t E - e 2  

- e . 2 5 7 4 4 4 [ - 6 4  e . 1 3 6 4 6 6 [ - 6 3  e .152461E-63  
ETA • NORM - e . l e 4 7 6 3 E - e t  MIN. VALUE - e .14828oE-e2 

CONSTRAINTS, H, Z & E: e . t 9 9 7 4 3 E - e l  e .695e31E+el  e .s86192E+ee 

Figure 6. Typical output from Augmented-Lagrangian nonlinear constrained optimization, after detecting 
variation in potential enstrophy (Z). After four iterations, value of Z is restored to value of Zo, initial 

cnstrophy. 

gram. Figure I shows the element numbering and the 
nodes numbering. In Figure 2, for each given node 
(grid point) the six neighboring nodes which con- 
stitute the triangles supporting a given node are 
shown. 

The initial height field, using a space resolution of 
Ax = &y = 400 km is shown in Figure 3. It is con- 
toured in intervals of 50 m from 1800 to 2200 m. The 
values of the initial integral invariants of  total mass 
(H), potential enstrophy (Z), and total energy (E) 
also are printed out. Figures 4 and 5 show the height 
field contours after 5 and 10 days of  numerical in- 
tegration with a time-step of 1800 sec. 

Figure 6 shows the typical output from an Aug- 
mented-Lagrangian nonlinear constrained optimi- 
zation which entered into action after detecting a 

variation in the potential enstrophy invariant which 
exceeded the allowable error ~z. At each Augmented- 
Lagrangian minimization cycle the penalties R and 
the modified penalties " 'PENALTIES" along with 
"U" - - the  Lagrange multipliers and the norm of the 
gradient of  the Augmcntcd-Lagrangian L, VL, are 
printed out. ETA, the scaled variable accuracy par- 
ameter changes from onc Augmented-Lagrangian 
minimization iteration to another following the for- 
mula. 

(ETA) *'l = (ETA)LO.8 

four such iterations were necessary. 
Note that after four iterations in the Augmented- 

Lagrangian minimization the value of Z, the potential 
enstrophy has been restored to the initial value Z 0 
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with negligible changes  in the values of  H and  E, the 
total  mass and  total  energy integral  invar iants ,  respec- 

tively. The  modified values of  the fields of  velocity and  
height  are used for subsequent  integrat ion.  
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A P P E N D I X  

PROGRAM FEUOX ( INPUT.0UTPUT. TAPEI,. TAPE3,,.,OUTPUT. TAPr7, 
eTAPEB) 
CCMMON/OLD/',CO(54e).He.ze.Ee.ALpHA 8EETA.TG.F(18e).NX NY.EX.(Y. 

tPNLTH. PNLTZ. PNLT[ .UH.UZ .UE. ETA. O.I I NN 
COMMON/I NVRNT/ HM(AN. Z14(AN. ENERGy 
COI,ea(~ /[LE)d(NT/ LOCAT(6, lee).Noo(3,33e) 
C ~  /O|M/ NOOE ,NEL[ . NCOL .NROW 
CCteaCN /COR/ X(192),Y(192),O|STX.DISTY 

/ , ~ /  A r ( 3 , 3 3 e ) . e T ( 3 . 3 ~ e ) . ~  
/CONST/HHe. H 1 .H2.G. FST.B(TA.XL.D 

01M(NSION CHIDX(7.192) .CHICHI (7,192) ,DUMMY(7.192) ,AD(7.192). 
+ CH|DY(7,192). ST t (3,3) 
DIMENSION R|CHT(192),RS(192) ,LEFT(7,192) ,DIF(192) 
DIMENSION PSI ( |  Be) .u(18e) .v(18e) .USTAR(tae) .VSTAR( 18e).uNEw(tSe). 

+ wtav( lee).  PSIST,~q(18e) .ME 1 ee) 
DIuENSION ex(2. t s) ,6a'(2.15).Nex (2.15) .(~BY(2. iS) .R1 (lee).  R2(toe) 
DIMENSION ws(54e).XTOL(54e).XC(54e).GC(54e) 
DIMENSION HPLT(,lee).ZPLT(IOe).EPLT(IOe) TPLT(18e) 
(~.I|VALENC((U(I) XC(1)).(V(1) XC( le l ) ) ' (PSl(1)  XC(361)) 
EXTERNAL FUNCT. MeN l T " " " 
R(AL LEFT 
DATA OX /3e,,e./ 
DATA OlF/Ig2,e./ 
DATA XL/6.(6/.D/4.4Ee/.DISTX/4.E~,/.D|STY/4.ES/ 
DATA NEL[ /33e/. NNOO /3 / .  N00( / tee / .  ~:OL /14/, NROW /11/ 
DATA [PS/1 . ( -6 / .  ITERMAX /3e/  
DATA HHe/2eeo./.Ht/22e./.H2/133./ 
DATA G/le./.FST/I .E-4/.BETA/t .5(-11/ 
DATA N I N/5/ 



Solving shallow-water equations 271 

DATA NOUT/3/ 
DATA HIrAC/1. ES/. UFA¢/I. [ 3 /  

2lee F(~M~T (1HI,leHCONSTANTS: ,4X,2H,G14.4,SX,2HFe,GI4.4,SX,2HXL, 
~G14.4 ,SX,~ ]STX,G11.4 , / ,  15X,2HH1 ,G14.4, SX,44,1B[TA,Gl1.4.5X, 1HD, 
4.G15.4,'~X. ~¢D| STY,G 11 .4 , / ,  15X,2),IH2.G14.4,5X, 1HG,Gl~.,~,26X, 2HOT, 

~eee rOm~T (rs,e.5|s) 
. e L T ~ ) - ,  
ZPLT~ 1)-1. 
E]=LT (~ 1 ) -1.  
TPLT( | )~ .  
I T I - I  

C 
C REJ~D IN TIMEST[P. NU~[R OF TEMESTE]~S AND PRINTOUT OPTIONS 
C 

READ (NIN.leee) OT.NL|MIT.MF,NOUTU.NOUTV.NPRINT 
DT,,,,,O T. UIr AC/1"IF AC 
N01 u - 3 e  
NO-48 
DT2 - DT / 2. 
dC - NCOL +I 
JR - NROW + | 

C 
C SET UP THE GRID, NUMBER THE ELE]klENTS ANO THE NOOES 
C 

CALL ~ (NPtR|NT) 
C 
C rlNO NON-ZERO ENTRIES OF THE GLORAL MATRICES 
C 

CALL C(3RRES (NPRINT) 
C 
C SET UP INITIAL FIELDS 
C 

01STX-O I STX/I"IFAC 
O 1 STY mO I STY/I'4F AC 
CALL ;NCONO (PSI.U.V.H.r.NOOE.NROW,NCOL) 
PRINT 2gg. HMEAN, |MEAN. [NEROY 

2 g g  FORMAT("eINITIAL CONSTRAINTS. H, Z \& E: ",3E14.6) 
He-t~EAN 
EO-ENERGY 
Ze,-ZMEN¢ 
ALPHA~ I . 
BEETA~ I,/(GeHM[JU¢) 
TG-G~ 
EX,,,O I STX 
[Y-O ISTY 
NX-NCOL+ 1 
N Y ~ +  t 
[ P S ~ * $  E-3 
[PSZ-ZQ* 1 . [ - 3  
[PSE-Ee* t , tr-3 
RHe,,e e 
RZe,-e 
REe--e. 5 
I,I-540 
FEST,,.e, 
I FA 1L.,,Q 

CALCULATE THE DER|VATIVES OF THE SHAPE FUNCTIONS 

CALL AR[AA 

NEL - 3 *NEL [  
DO3eK - 1,NEL 

3e ROD(K) - lABS (NOO(K)) 
KK m 8 

C 
C PRINT OUT CONSTANTS USED 
C 

~ [ T [  (NOUT.21Be) He,FST,XL.DISTX,H1.BETA.D.D|$TY.H2.G.DT 
C 
C SET UP THE INITIAL PSI-,  U-. AND V- FIELDS FOR THE DIFFERENT TIM 
C 

D O S K - 1 .  NOO[ 
PSISTAR(K) - PSI(K) 

5 UNEW(K) USTAR(K) U( )K 
C 
C ASSEMBLE GL0~AL MATRICES 1reICH ARE TIME- ANO PARAMET[RIMOEPEN0[ 
C 

CALL ASSO4 (CHICHI.STI.NOOE.NELE,3.0UIAdY.AT.AR[A) 
CALL A$SEM ~CHIDX.$TI.NOOE.NELE.1.0UMMY.BT.AREA) 
CALL ASSOd (CHIDY.$TI.NOOE.NELE. I.OUMMY.AT.AREA) 

C 
C FIND BOUNDARy N00[S 
C 

IX) le K - 1 ,JC 
NBX(I,K)m(K-t)eJR+I 

10 NSX(2,K)"KoJR 
T|ME - 0. 

2 e e  

DO 9999 NTIM[ - -  1 .NLIMIT 
TIME ,, TIME+OT 

SET UP MATRIX (CKJAT|CN FOR THE CONTINUITY EQUATION 

CALL ASSE)d (AD.STI.NOOE.NELE.4.USTAR.BT.AR[A) 
CALL ASSI[M (OUMMY,ST|,NOOE,NELE.4.VSTAR,AT.AREA) 
DO 2ee K-t.NOOE 
DO 2¢HD L-1,7 
LEFT(L,K),,,CHICH[(L,K)/OT2 - AD(L,K) - 0UMMY(L,K) 
DUMMY(L. K)mAD EL. K ) +0UIAalY ( L, K ) 
¢ONT |NUE 
CALL i"AMULT(DUM, f f .P$I  .RIGHT.NOOE) 

CAGEO 1 3 t ] * B  
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C 
C SOLVE 
C 

CALL SOLVER (LEF'T.RIGHT.DIF.NOOE.EPS. IT£RMAX) 
C 
C ADJUST PARAMET [1~ 
C 

IX) 2el K = 1 . NOOE 
PS ISTAR(K ) I ~ I  (K)eO|F(K) 

2e~ CONTINUE 
C 
C SET Lk ° MATRIX EQUATION FOR FIRST EQUATION OF MOTION (U.--E(~JATION) 

CALL MAMULT (CHIDX.PSISTAR,RS.MOOE) 
CALL DX(R1 .USTAR,USTAR.NOOE.NROlle.NCOL.DISTX) 
CALL Dy ( R2. VSTAR, USTAR. NOOE. NK~I, NCOL, D I STY ) 
DO 2e3 K=I,NOOE 

2e3 R I GHT (K)-.-RS(K) e0T 
C 

C SOLVE 
C 

CALL SOLVER (CH|CH! .RIGHT,OIF.NOOE.EPS. ITERMAX) 
GO 2e2 K--1 .NO0[ 

2e2 DIF(K),-OIF'(K)-(RI (K).+R2(K)-F(K),VSTAR(K))e0T 
C 
C ADJUST PARAMETERS 
C 

00 3 e l K  - 1 , NOOE 
UN~(K) = U(X) + DIF(K) 
L/STAR(K) - .~o(UN~II(K) + U(K)) 

3ei CONTINUE 
C 
C SET UP MATRIX EQUATION FOR 5ECON0 EQUATION OF MOTION (V-EQUATION 

CALL MAMULT (CHIOY.PSISTAR.RS.NOOE) 
CALL OY(R1 .VSTAR.VSTAR.NOOE.NRO//.14COL,DISTY) 
CALL OX (R2. USTAR. VSTAR. NOOE. NROW. NCOL. D I 5TX) 
GO 205 K-I.NOO[ 
R | GHT (K)~-RS (K) ,,OT 
DO 2e5 L-1.7 

2e5 LEFT (L. K).,,CH ICH | (L,K) 
DO 2e6 KB-1.JC 
KI-t~BX(1 .KB) 
K2-MBX(2.KB) 
ex~l Ke)-~, ~KI)*~(KI)*F(KI).~T',eI'))-01 

2~6 BX(2,KB)-(Rt (K2)+R2(K2)+F(K2)-USTAR(K2J).DT 

IMPL[MENTATION OF BOUNOARY CONOITION 

CALL BOUND (LEFT,RIGHT.BX.BY.NeX.NBY,NCOE.JC.JR) 
SOLVE 

CALL SOLVER (LEFT.RXGHT,D|F,NOOE.EPS,ITERMAX) 
IX) 2e4 K-1 .N(X)E 
DI F(K)-OIF(K)-(RI (t')+R2(K)+F (K) eUSTAR(K)) ,0T 

2e4 VNEW(K)-V(K)+DI Ft, K ; 
W(M00(NTIM£.12) N ( e )  GO TO 21e 
CALL .~IdOOTH(VNL"W,WS, 12,15) 

ADJUST PARAMETERS 

21e GO 2e7 K - 1 , NOOE 
PS! (K)--PSI STAR(K) 
VSTAR(K)-I . 5eVN~'W(K)-. 5eV(K) 
V(K)-W~(K) 
USTAR(K)-I , 5.UN[W(K)-.~=U(K) 

207 U(K )IUNIEW(K) 
CORRECT INTEC.RAL |NVARIANTS IF NECESSARY 

352 CALL LOOK (U.V,P$|,  JC+I, JR, T |ME.NT |ME,G,NOOE. F) 
PRINT 3e@, T IME, t'IM[AN, ZMP~UM, ENERGY 

3ee FORMAT("eSCALED TIME: " . F 8 . 2 , "  CONSTRA[NTS. H. Z \& E: ".3E14,6) 
Hor-*eS(~N--He) 
ZDF-ABS(ZMEAN-Ze) 
EDF-ABS(ENERCY-ES) 
IF(HDF.LT EPSH) GO TO 35e 
DO 351 K-1 ,NOOE 

351 PS | (K) ,,PS | (K)+G * ( He-HM~':~AN ) 
GO TO 352 

35e IF(ZDF.LT,EPSZ.ANO.EDF.LT.EPSE) GO TO 3e2 
ETA--lee. 
EM I I.,~-ETA* SORT (ZDF,,,,2+EDF', • 2 ) / t  e. 
RH,,-~He 
RZ,-RZe 
RE-REe 
Pt, ILTH-8. 
Pt, IL t Z -e  5/RZ 
PNLTE-e. 5/RE 
L/He. 
UE-e. 
uz-e . 

3e5 DO 3e6 I I -1 .N 
3e6 xo( I ! ) = x c (  I I ) 

PRINT 31)7. ETA.RH,RZ .RE.UH,UZ .UE.PNLTH,PNLTZ .PNLTE 
3e7 FORMAT("I)ETA -- ".F14 6 / "  R . H. Z ~& [ :  " .3E14.6 /  

• ~ U , H .  Z ~& E: ",3E14.6/" P E N A L T I E S .  H .  Z ~& [ :  " , 3 E 1 4 . 6 )  
CALL Ee4oeF(N.XC.FLOW.GC.XTOL,FEST,DUM.ftS.FUt#CT,k4~N|T.Se. IF'AlL) 
CALL LOOK(U,V.P$1.JC+I,JR,T|ME.NT|ME.G,I~OOE.F) 
PRINT 3eO. T | ME, HM[AN. 2MEAN. ENERGY 
1401 F.-HMEAJ¢--I~ 
Z01F-ZVEN+-ze 
EO] F-ENERGY-El 
| F (ABS(ZD I Fe4 ). GT. ZOF) RZ-RZ*e 4 
UZ-UZ+ZO I F/RZ 
PNLTZ-e. 5/RZ 
lr(ABS(EOI F.4. ) .GT. EOF) RE,~RE.e. 4 
UE-UC+EO I r /R [  
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PNLTE-e, S/RE 
M0r,.ASS(;NSI r )  
ZDF-AOS{ZDIF) 
~r=,AeS((DI r) 
I F ( ZDF. LT. ~ Z / 5 . .  AND. EDF. LT. EPSE,/5. ) GO TO 31 • 
ETA~ETA*e. B 
IF ( [TA .LT .$1 . t )  GO TO 311) 
IEMI NN--EIVl NN/Ie. 
GO TO 3e5 

310 ITlmITI"+I 
HPLT ~ I T 1 ) ~4M~/q'4Q 
ZPLT ~ I T 1 )-ZM(AN/Z(I 
(PLT ( I X 1 )-ENE~;Y/Ee 
TPLT ( I T 1 )-T 1ME/36, 
1F(HOF.LT.(PSH) GO TO 3e3 
OO 3~3 Kml ,NOOE 

353 PSI ( K )=PSI ( K )+C • ( He--XMCAM ) 
CALL LOOK(U.V.PS], JC+l. JR. T IME.NT IME.G.NOOE. r )  
PRINT 3(HJ. T [ ME. HMEAN. ZMEAN. ENERGY 

C 
C PRINTQIJT ( IF REQUIRED) 
C 

303 [F(NTIME.EQ.g6e) GO TO 9g92 
IF(NTIMIr.GT.gGe) GO TO 9 9 g 4  

3e2 IF(MOO(NTIME.MF).NE.e) GO TO ggg6 
CALL OUT (U. V, P51, JC, JR.NOOE. NOUTU, NOUTV. TIME. NT IME, F) 

9g96 [F(MOO(NTIME.ND).NE.e.OR.NTIM[.GT,N0-2G) GO TO ggg9 
DO 999B K-I . N O 0 (  

9 9 g 8  H(K)-2. *SQRT (PSI (K))  
Ik~ I TEE7) (H~K).K-t .NODE I 

~k1~ I TEE7) (U(K) .K-1 ,NOOE 
9 9 9 9  CONTINUE 
9 9 9 2  DO 9 9 9 3  K - I  ,NOOE 
9 9 9 3  H(K)-2. *SQRT(PS] (K))  

I~ I Tit 17 ) ~H(K.) ,K ' I  .N00( I 
I~RI TE¢7~ (~V(~K). K-1, NODE 
Ik~ I TE (7)  (U(K) .K=I .NO0( 

9 g 9 4  IT- IT1-1 
TrAC-(TPLT ( ITt )-TPLT( IT ) ) / (48e  .-TPLT(IT) ) 
TPLT( ITI )-480. 
~eLT( IT I ) . - .PLT( IT )+ (~ 'LT( IT I ) - -mLT( IT ) ) / ' r r~  
ZPkT(~ I T 1)-ZPLT ( I T)+(ZPLT (~ I T 1 ~-ZPLT ( I T))/TFAC 
EPLT( I T t )-EPLT( I T)÷(EPLT ( I  T 1)-EPLT( I T) )/TrAC 
t~WI T [ (8 )  IT I ,  (HPLT(I) ,  I -1 ,  I T I ) ,  (ZPLT( | ) ,  I -1 ,  IT I ) ,  

• (EPkT ( 1 ) ,  1-1, IT1 ) .  (TPLT ( I ),  I -1 ,  I TI ) 
C STOP 

ENO 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C C 
C INCONO CALCULATES THE INITIAL U.V,PSI ANO H FIELD AND THE C 
C CO, lOLlS PARAMETER F AT EACH GRIOPOINT C 
C C 
C C 
C C 
C C 
C PARAMETERS: C 
C C 
C P S I  - REAL ARRAY OF DIMENSION (NODE) C 
C CONTAINS ON EXIT GEOPOTENTIAL (-C.H) C 
C U . V  - REAL ARRAYS OF 01MENSION (NO0() C 
C CONTAIN ON EXIT EASTWARD. RESP. WIND C 
C COMPONENT C 
C H - REAL ARRAY OF DIMENSION (NOOE),CONTAINS C 
C ON EXIT HEIGHT C 
C F - REAL ARRAY OF DIMENSION (NOOE) CONTAINS ON EXIT C 
C CORIOLIS PARAMETER C 
C NOD( - INTEGER. TOTAL NUMBER OF NOOES C 
C NROW - INTEGER, Nt.MBER OF NOOES-1 IN X-DIRECTION C 
C NCOL - INTEGER, HUMBER OF NOOE,~I IN Y-OIRECTION C 
C C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE INC(:]~O (P$1,U.V.H,F,NOOE.NROW.NCOL) 
C01AAON/I NVRNT/ HM(AN, ZMEAN, ENERGY 
OCLM~ /AREA/AT(3,33e),BT(3,33e),AREA 
COMMON /COR/ X(192).Y(lg2).DISTX,DISTY 
COMMON /CON~T/ He,H1 .H2,G,FST.BETA,XL.D 
DIMENSION PSI (NOOE~). U(NOOE). V(NOOr ) ,  H(NOO(). F(N(X)E) 
DATA UFAC/I. Ee3/.HFAC/I, Ee5/ 
Pl " 3.1415926535 
PI2XL - 2. * PI / XL 
02 - D/2, 

CALCULATE INITIAL HEIGHT FIELD 

CN EW".C • H F AC/U FAC • * 2 
DO SO K--I.NOO[ 
F ( K )  - FST + BETA • ( Y ( K )  - 02) 
Gr - G / F(K) 
r (K ) - r  (K)-HrAC/UrAC 
e - 9 ,  • ( o ~ - Y ( X ) )  / 0  
co- - cos.  (e) 
COH2-COH-CQH 
CO2-COSH ( B/2. ) 
CO22-C02oCO2 

SI-SIN(P|2XLeX(K)) 
DHXJH2eCOS(P | 2XL*X (K)) -P 12XL/COH2 
01"11 -- -4 .5  * HI / (CO22*D) 
Dr42 -18 . *  H2 • TANH(B) * $1 / (COH2*O) 
0HY - DH1 + OH2 

CALCULATE U AND V VELOCITY CDMPONENTS 
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u(K) . ( - .or  • o ~ ) / u r A c  
v (~)  =(or • o ~ ) / u r A c  
N (K) - ( H e  + H1 • TN4H ( B / 2 )  + H2 • S[ / COH2)/HFAC 

C 
C CALCULATE GEOPOTENT IAL 
C 

~I(Z) - N(K) • GHEW 
5@ C~NT XNU£ 

J R  . NROW + | 
JC ~ NCOL + 1 

C 
C $E'-T THE V VELOCITY C(~ I I~ENT AT THE BOUNOARY IN Y DIRECTION 
C EQUAL e 
C 

D O 6 e K ~  I . dC 
KK m ( K - l )  • JR 
V(KK+I  ) = V(KK+JR) = e. 

6e CONTINUE 
G-GN L~ 

C 
C PRINT I N I T I A L  FIELOS 
C 

PRINT 2ee2 ,  ~N(K) .K - I .NOOE)  
PRINT 2ee3,  ( P S I ( K )  . K - I . N O O [ )  
PRINT 2ee4.  (U (K )  , K - t , N ~ O [ )  
PRINT 2ees .  ( V ( K ) . K - 1  ,NOOE) 
PRINT 2eee 
CALL L0~< ( U . V , P S I . J C + t , J R . e . e . e . e . G . N O O E . F )  
CALL MAPPA (PSI.2,Ee3.JC.JR.G) 

2eoe FORMAT (1H1)  
2ee2 FCRt4AT ( I N t . " I N I T I A L  HEIGHT FIELD" / .  ( 1 2 F 8 . 6 ) )  
2ee3 FORMAT ( t e E / ) .  - I N I T I A L  PSI F K E L D " / . ( : 2 F 8 . 6 ) )  
2Oe4 FORMAT ( 1 H 1 , "  I N I T I A L  U F I E L D " / . ( t 2 G l e  3 ) )  
2o)e5 FORMAT ( l e E / ) . "  I N I T I A L  V F i E L D " / . ( 1 2 G I e . 3 ) )  

RETURN 
ENO 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C C 
C NUMBER LABELS THE ELEMENTS.NUMBERS THE NOOES AND STORES THE C 
C GL06AL NK3(3[NUMB[RS OF THE THREE VERTICES OF EACH TRIANGLE. C 
C IN AOOITION THE GLOBAL COORDINATES OF [J~CH N(X)E ARE CALCULATED C 
C C 
C C 
C P A R A M E T E R S  : C 
C C 
C N P R I N T  - -- e : NO PRINTOUT C 
C \ ~  8 : THE ARRAY NOlO t~tICH STORE~J THI: GLO~IAL C 
C NOD[rNUMBER$ OF EACH ELEMENT AND THE TWO C 
C ARRAYS X AN0 y ~ I l C H  CONTAIN THE C 
C COOR01NATES OF ALL THE Noors  ARE PRINTED C 
C C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUlBROUTINE NUMBER (NPRINT) 
CCMMON / D I M /  NOOE , N ( L [  . NCOL .NROW 
COMMON /ELEMENT/ LOCAT(S. 1 8 e ) , N o o ( 3 . 3 3 e )  
COMMON /COR/ X ( l g 2 ) . Y ( I 9 2 ) . O I S T X . D I S T Y  
JC ~ NCOL + 2 
JR - NRCm + 1 
NNOO~ 3 
K - I  

C 
C LABEL EL'rJa[NTS AN0 NUMBER NOOES 
C 

DO 2e J - 1. NCOL 
JJ - ( J - I )  ,, JR 
DO 20 KK 1 1 . NROW 
KKK ~ KK ÷ JJ 
14OO(I .K)  - KKK 
N O O ( I . K + I )  t KKK 4. JR + I 
N o o O . K )  - , , ~ ( 2  , ( , 1 )  - KKK 4. , 
N(X) (2 .K)  - NOO(3.K+I )  KKK + JR 
K-K+2 

2e CONTINUE 
C 
C IMPLEMENT CYCLIC BOUNOARY CONDITIONS 
C 

DO 25 KK - 1 .NROW 
JJ - NCOL • (NROW + 1) 
N O O ( 1  . K )  - KK + JJ 
NO0 ( I . K + I )  = -- ( KK + I ) 
I, KX)(3.K) = NOO(2.K+I )  - KK 4. JJ + I 
NOO(2,K) NOO(3,K+I )  = -- KK 
K -  K + 2 

25 CONTINUE 
C 
C CALCULATE COORDINATES OF NOOES 
C 

K-1 
00  3e J - 1 .JC 
X X  - J • DISTX 
DO , ~  KK ~ 1 ,JR 
Y(K)  -- (KK-1 )  • OISTY 
x ( K )  = xx 
K m K + I 

3e CONTINUE 
IF (MPRINT .EQ. B) RETURN 

C 
C PRINTOUT ( I F  REQUIRED) 
C 

PRINT 2ee2 
DO 4e L-1 .NELE 

4e PRINT 2 e e t .  L , (NOO(K.L) ,K-1 .NNOO)  
PRINT 2ee3 . ( X ( K ) e l . O E - 3 . Y ( K ) e l . e E - 3 .  Kml,NOOE) 

2ee3 FORMAT (tN1."CDOR01NATES ( K M ) ' . / . ( 1 2 G l e . 2 ) )  
2ee2 FORMAT (1Hl.14NELEMENT NUMBER. 6X. 15HNUMBER OF' NOO(S) 
2ee l  FORMAT ( ( S X . 1 4 , 1 3 X , 3 1 4 ) )  

RETURN 
ENO 
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CC . . . . . . .  ~ ~  
C C 
C ARr.AA CALCULATES THE DERIVATIVES OF THE ~4APE~TIONS (X- AND C 
C Y--0IRECTON) AND STOR(S TH~k¢ IN THE AR~AY~ AT AND BT C 
C C 
C C ~  . . . . . . . . .  - . . . . . . . . . . . .  

SUeI~0UT [ NE AREAA 
C~IAK3N /AREA,/ AT(3.33e).BT(3,33e).AB£A 
co~oN /eoR/ X(102).Y(192).D[STX.DISTY 
C~MON /ELEMtNT/ LOC~T(S.16e).NOO(3.33e) 
CQke40N /Oi~ NOO( , N E L [  . NCOL .NRO// 
DATA HFAC/1 .E~/ 
DO ~ K - !  ,NELE 
.1 - .O0(1.K)  
1'42 N O D ( 2 . K )  
N3 N O O ( 3 , K )  
IF (N1 .GT.e.ANO.N2.GT.e.ANO.N3.GT.e) GOTO lee 
N1 = lABS(N1) 
N 2 -  IABS ( N 2 )  

- iABs(.3) 
IF (NI.LE.~I) NI - (NCOL+I),,(NRO~V+I) + NI 
IF (N2.L[.NROW+I) NI ~(0L+I)-~)I) + N2 
Ir ( N 3 . L E . N ~ I )  143 (NCOL+I)e(MROW+I) + N3 

lee CONTINUE 
C 
C CALCULATE DERIVATIVES OF SHAPE FUNCTIONS 
C 

AT~I .K) -(X~N3) - X(N2))/HFAC 
8T(1 .K) -~Y~N2) Y(N3))/HrAC 
AT(2.=) -~x~m)  X(H3) ) /Hr*c  
BT~2.K~ -~Y~N3~ y(N1))/HFAC 
AT~3,K) -~X~N2~ X(N1))/HFAC 
BT(3,K) -(YEN1) y (N2))/HFAC 

see CONTINUE 
C 
C CALCULATE AREA OF ON[ ELEMENT 
C 

AREA - DISTX • DISTY • .5 
RETURN 
END 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C 

IMPLEMENTS THE BOUNDARY C(~OITIONS AFTER THE SYSTEM 
OF EQUATIONS AX,~qr HAS BEEN 06TAINEO 

C 
C C 
C C 
C C 
C C 
C C 
C C 
C PARAMETERS: C 
C C 
C LEFT - REAL ARRAX OF DIMENSION (7. I ~ E ) ,  ON ENTRY C 
C LEFT CONTAINS MATRIX A . ON EXIT MQOIFIED C 
C MATRIX A. C 
C R IGHT - REAL ARRAy OF DIMENSION (NOO[). ON ENTRY CONTAINS C 
C VECTON R . ON EXIT R IS MODIFIED ACCOROING C 
C eOUNOARY CDNOITION. C 
C B X , B Y  - REAL ARRAYS OF DIMENSION (2.JC) R[SP(2.JR). C 
C CONTAIN BOUNOARY VALUES C 
C NBX,NeY - INTEGER ARRAYS OF DIMENSION (2,JC),RESP.(2,JR), C 
C CONTAIN NUMBERS OF BOUNOARY NOOES C 
C NOOE - INTEGER. TOTAL NUMBER OF NOOE$ C 
C JC - NUMOER OF BOUNDARY NODES IN X-DIRECTION C 
C JR - NUMBER OF BOLR4OARY NCOES IN Y-DIRECTION C 
C C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE BOUNO (LEFT,RIGHT.DX.BY.N6X.NeY.NOOE,JC,JR) 
REAL LEFT 
DIMENSION LEFT(7,NOOE),RIGHT(NOOE).BX(2,JC).MBX(2,JC),BY(2,JR), 

+ NIBY(2,JR) 
DO le K " 1 .JC 
KK - NeX 0 .K) 
LL NSX(2.K) 
LEFT(7.KK) - LEFT(7.KK) • 1.  [ 15 
LEFT(?.LL) LEFT(7.LL) • 1 E IS 
RIGHT~KK) - BX(1.K)*LEFT(7,KK) 
RIGHT(LL) 8X(2,K)•LEFT(7.LL) 

le CONTINUE 
RETURN 
END 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C C 
C OUT PRINTS THE HEIGHT~,U- AND V - FIELDS. C 
C OUT CALLS THE SUtBROUTINES HAPPA ANO LOOK C 
C C 
C C 
C C 
C PARAMETERS: C 
C C 
C U.V.PSI - REAL ARRAYS OF DIMENSION (NOO[). FIELD VARIABLES C 
C TO BE PRINTED C 
C J C , J R  - INTEGERS. NUMBER OF NOOES IN X- RESP. IN Y DIRECTI0t~ 
C N(X)E - INTEGER. TOTAL NUMBER OF NOOES C 
C NOUTU.NC4JTV- INIEGER . PRINT O P T I ( ~  C 
C T I M E  - REAL. REAL TIME C 
C N T I M E  -- INTEGER. T|MESTEP C 
C C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SIR)ROUTINE OUT(U.V.PSI.JC.JR.NOOE.NOUTU.NOUTV,TIME.NTIME.F) 
COMMON /CONST/ He,HI.N2.G.FST.BETA.XL.D 
DIMENSION PSI(NOOE).U(NOOE).V(NOOE).F(NOOE) 
PRINT 2eee 
CALL MAPPA (PSI.2.EO3.JC.JR,G) 
PRINT 2eee 
PRINT 21e8. (PSI(K)/G,Kml,NOOE),(PSI(K)/G,Kml.JR) 

2eee rom~T (1HI)  
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IF" (NOUTU .NE. e )  PRINT 21e5,  ( U ( K ) . K m I . N O O ( ) ,  
4" ( U ( K )  . X - 1  . , J R )  

IF  (NOU'TV .NE. l )  PRINT 21e6 ,  ( V ( K ) , K - 1  .NOOE), 
+ (v (x ) . x= l . aR)  

21QS FORMAT ( 1 H 1 , "  U - VALUES'.  / . ( 1 X . 1 2 G 1 e . 4 ) )  
21e6 FORMAT ( l e ( / ) . l X .  = v - V A L U E $ ' . / , ( l X , 1 2 G l e . 4 ) )  
21e8 FORMAT ( l e E / ) , =  HEIGHT VALUES" , / ,  (12F lO 5 ) )  

RETURN 

C C C C C C C C C C C C C C C C I ~ C C t ~ ; ; C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C ~  
C C 
C SOLVER SOLVES A SYSTEM OF LINEAR EQUATION AX-R BY THE C 
C GAUSS SE]DEL METFICO C 
C C 
C C 

C 
PARAMET [RS : C 
COMA - REAL ARRAY OF 01MCNSION (7.NOOE) C 

ON ENTRY COMA CONTAINS THE NON-ZERO ENTREES C 
OF MATRIX A. UNCHANGED ON EXIT C 

C 
RIGHT - REAL ARRAY OF DIMENSION (NOOE) C 

ON ENTRY RIGHT CONTAINS THE: ELEMENTS OF THE C 
RIGHT HANOSID( VECTOR R. UNCHANGED ON EXIT.  C 

C 
NOOE - NUMBER OF NOOES ( -  NUMBER OF EQUATIONS) C 

C 
XSOLV - REAL ARRAY OF DIMENSION (NOO() C 

ON ENTRY XSOLV CONTAINS A FIRST GUESS FOR THE C 
SOLUTION VECTOR. ON EXIT XSOLV CONTAINS THE C 
SOLUTION VECTOR C 

C 
EI~:J -- RELATIVE ERROR C 

C 
ITERMAX - MAXIMAL NUMBER OF ITERATIONS C 

C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE SOLVER(COMA,RIGHT,XSOLV.NOOE ,EPS, ITERMAX) 
COMMC~ /ELEMENT/ LOCATES. 1e le) .NOO(3,33e)  
o IuENSION COMA( 7 .N00(  ) .  R IGHT (NOOE). XSOLV(NOOE) 
Do 9e L - I . |TERt4AX 
XldAX - e .  
DIF'I, IAX . e.  
Do lOe K -  I . NCOE 
S U M o e  
0 0  -Id~ KR- -  1 . 6 
NLOC - LOCAT (KR.K) 
IF (NLDO . ( 0 .  II) COTO SO 
VAL - COMA(KR.K) 
SUM - SUM + VAL • XSOLV(NLOC) 

~,e CONTINUE 
XX - (RIGHT(K)  - SUM) / COMA(7.K) 
xMAx - .,u,u,x 1 (xMAx .ABS(XX) ) 
D I F F  - XX - XSOLV(K) 
DIFMAX - AMAX1 (AJBS(DIFF),OIFMAX) 
XSOLV(K) - XX 

l ee  CONTINUE 
IF (D[FMAX/XMAX .LT. (PS) RETURN 

98 CONTINUE 
C 
C THE pROGRAM STOPS IF CONVERGENCE IS NOT REACHED AFTER ITERMAX TI 
C 

PRINT 2ee l  
2ee l  FORMAT (1X. "NO COI¢VERGENG(") 

STOP 
END 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 
C C 
C SOLVER SOLVES A SYSTEM OF LINEAR EQUATION AX-R BY THE C 
C GAUSS SEIDEL METH00 C 
C C 
C C 

C 
PARAMETERS : C 
COMA - REAL ARRAY OF DIMENSION ( 7 . N O 0 ( )  C 

ON ENTRY COMA CONTAINS THE NON-ZERO ENTR|(S C 
OF MATRIX A, UNCHANGED ON EXIT C 

C 
RIGHT - REAL ARRAY OF DIMENSION (NOO() C 

ON ENTRY RIGHT CONTAINS THE ELEMENTS OF THE C 
RIGHT HAM3SID( VECTOR R UI,,K::HN, K;ED ON EXIT.  C 

C 
NOOE - NLIMSER OF" NOOES ( -  NUMBER OF EQUATIONS) C 

C 
XSOLV - REAL ARRAY OF DIMENSION (W'JOE) C 

ON ENTRY XSOLV CONTAINS A FIRST GUESS FOR THE C 
SOLUTION VECTOR. ON EXIT XSOLV CONTAINS THE C 
SOLUTION VECTOR C 

C 
EPS - RELATIVE ERROR C 

C 
ITEI~I,4AX - MAXIMAL NUMBER OF ITERATIONS C 

C 
"CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBROUTINE SOLVER(COMA,RIGHT,XSOLY,NOOE ,EPS. IT(RMAX.SNARK. 
*NFIELD) 
CCk4,a0N /CLEMENT/ LOCATES. 18e)  ,NO0( . ) ,33e)  
o I - (Ns IoN  C0~(?.NGOE).RIGHT(~O().XSOLV(NO0()  

ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 
00 ge L " I , ITERMAX 
XMAX - e.  
OIFMAX - e.  
DO l ee  K -  1 , N(}OE 
S U M -  e.  
Do 5e KR- 1 o 6 
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RLOC m LOCAT ( K R . K )  
IF (NLOC .trO. e)  GOTO 
VAL m Cl~4A(KR.K) 
SUM m SUM + VALeXSOLV(NLIOC) 

5e CONTINUE 
T ( L L 1,,.R I GHT ( K )..~rd~K -.~LIM. ,SNA/;B( 
TELL2--COMA(7 .K) eXSOLV(K) 
T E LL3,,=C'0MA ( 7, K ) ee~IARK*, XSOLV (K) 
XX- (TELLI+TELL2-T ELL3)/(CCIIA(7,  K) ) 
DIFF J XX - XSOLV(K) 
X M A X = ~ A X  1 (x~,~x.,~s (xx)) 
OIFIkCAX - AIW~Xl (ABS(OIFF).OIFWAX) 
I(SOLV(K) m XX 

liH) CONTINUE 
IF (DIIn~AX/'XMAX GE. EP~3) GOTO 9e 
I F(NF 1ELD--e) 974 .975 .976  

g74 I~RINT 977 
977 FORMAT(2X."t+-FIELD SOLUTION:") 

GOTO 101 
975 PRINT 978 
g78 FORMAT(2X."U-F'IELD SOLUTION:')  

GOTO l e l  
976 PRINT 979 
979 FORMAT(2X."V-FIELD SOLUTION:')  
l e l  PRINT t t )7 .L  
Ie7 FORt4AT(2X,"MJMBER OF ITERATIONS FOR SOR-~IETHO0--", 14) 

PRINT 797. ~NARK 
797 FORMAT(2X."USING RELAXATION FACTOR-".F6 3) 

RETURN 
9e CONTINUE 

C 
C THE PROGRAM STOPS IF CONVE'I~ENCE IS NOT R[ACHEO AFTER ITERMAX TI  
C 

PRINT 2eel 
2eel FO~4AT ( tX . "NO CONVERGENCE") 

STOP 
END 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCOCCCCCCCCCCCCCCCC 
C C 
C ~ L T  MULTIPLIES A MATRIX STORED IN COkf'ACT FORM BY A C 
C VECTOR (M)V . R C 
C C 
C C 
C C 
C PARAMET [RS : C 
C C 
C COMA - REAL ARRAY Or DIMENSION (7.NOOE) C 
C ON ENTRY CONTAINS MATRIX M. UNCHANGED ON EXIT C 
C C 
C VECTOR - REAL ARRAY Or DIMENSION (NCOE) C 
C ON ENTRY CONTAINS VECTOR V. UNCHANGED ON EXIT C 
C C 
C R IGHT - REAL ARRAY o r  DIMENSION ( k ~ E )  C 
C ON EKIT CONTAINS PROOUCT R C 
C C 
C NOOE - NUI,~ER OF NODES C 
C C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC 

SUBNOUT INE MAMULT (COMA,VECTOR.RIGHT ,NODE) 
DIMENSION EDNA (7 .  NODE). VEC T0R (NODE) ,R I GHT (NOOE) 
COMMON /ELEMENT/ LOCAT(6, 18e) .NoD(3.33e)  
DO le  K-1 ,NODE 

le  RIGHT ( K ) - e .  
DO le@ K- t  ,NOOE 
DO 8e KR-t ,6 
NLOC - LOCAT(KR.K) 
IF (NLOC .EO. • ) GOT0 Be 
RIGHT(K) - RIGHT(K) + CCMA(KR.K) = VECTOR(NLDO) 

Be CONTINUE 
RIGHT(K) - RICIIT(K) + COMA(7,K) • VECTOR (K) 

tee CONTINUE 
RETURN 
END 

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCOCCCCCCCCCCCCCC~ 
C C 
C ASSEM GENERATES THE LOCAL 3X3 MATRICES FOR EACH ELD4ENT AND C 
C STORES THE COEFFICIENTS IN COMPACT FORM IN THE GLOBAL MATRIX C 
C COMA. C 
C C 
C C 
C C 
C PARAMETERS: C 
C C 
C COMA - REAL ARRAY OF DIMENSION (7.NODE) C 
C ON [ X | T  CONTAINS THE GLC~AL MATRIX C 
C C 
C STI - REAL ARRAY Or DIMENSION ( 3 . 3 )  C 
C WORKING SPACE USED FOR THF EL[MENTMATRICES C 
C C 
C NOOE - INTEGER C 
C NUMBER OF NOOES C 
C C 
C NELE - INTE6ER C 
C NUMBER 0 r  ELEMENTS C 
C C 
C ~ S w I T C H  - INTEGER C 
C DETERMINES ~#41CH TYPE Or LOCAL ELD4ENT MATRIX C 
C MUST BE USED C 
C P S I U V  - REAL ARRAY OF DIMENSION (REX)E) C 
C ON ENTRY CONTAINS U.V OR PSI DEPENDENT WHAT TYPE C 
C OF MATRIX MUST BE CALCULATED.UNCHANCED ON C 
C EXIT, C 
C COOl - REAL ARRAY Or DIMENSION (3 .NEL[ )  C 
C ON ENTRY. CONTAINS DERIVATIVE OF SHAPErUNCTION C 
C ( E I T H E R  X -  OR Y-DIRECTOR). UNCHANGED ON EXIT C 
C AREA - REAL C 
C AREA Or ONE ELEMENT C 
C C 
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC¢CCCCCCCCCCCCC 
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$USRC~TIN( AS$OJ (COI~A,STI,NOOE.NELE.NSWlTC~I.PSIUV.COOI.ARKA) 
COhM~ l~L~(ml LOCAT(6.18e).N00(.S.3.Se) 
o [ur.~@: COMA(7.NO0() .STX (3.3) .COOl (3.NEL£) .e(~) .A(3) .esluv(uoo() 
~g20 - 3 
NN . 7-NO0( 

DO te K ~ I ,NN 
l e  COMA(K) - e 

¢ 
C DEC|O[ WHICH ELEMENT MATRIX MUST BE CALCULATE~) 

GOTO ( l e e . 2 e e . ~ . s e e ) .  NSWITCH 
C 
C GENERATE E L ~ £ N T  MATRIX 

10e DO 16e NE - 1 ,NEL[  
DO 11e K - 1,NN00 
S T I ( K . 1 )  - C D O I O , N ( ) /  6.  
S T I ~ K . 2 )  CO0| ( 2 , N ( ) /  e 
STX(K .~ )  COOl ( 3 . N E ) I  6:  

11e CONT | NUE 
C 
C ASSEMBLE GLOeAL MATRIX ANO STORE IT [N COkPACT FORt4 

DO 16e K - 1.NNO0 
IROW - NOO(K.NE) 
DO 16e J - I,NNOO 
|COL -- NOO(J,NE) 
L - 7  
IF" ( ]COL .EO. IROW) GOTO 15e 
DO 14e L - 1 ,6  
IF" (LOCAT(L,IROW) .EO. [COL) GOTO ISe 

14e CONTINUE 
15e COMA(L.IROW) - COMA(L, I I~W) + S T I ( K . J )  
16e CONTINUE 

R~'TURN 
C 
C GENERATE ELEMENT MATR]X 

2ee DO 26e NE - I .NELE 
A A - e ,  
DO 21e K - ! .NNOO 
B~K)  = C O O [ ( K . N E )  
A(K)  PSIUV(NO0(K,  NE), ~ 

21e  AA = AA + A ( K )  
00 22e K - 1 .NNOO 
DO 22e L - t.NNOO 

22e STI ( K . L )  - (AA ÷ A ( K ) )  • B ( L )  / 24. 
C 

C ASSEMBLE GLO6AL MATRIX ANO STORE IT IN COMPACT FORM 
DO 26e K - I .NN(~ 

|ROW , NOO(K.NC) 
DO 26e J - I ,NNO0 
lCOL -- NOO(J .N( )  
L - ?  
IF ( ICOL .EO. IROW) GOTO 25e 
DO 24e L - I , e  
I r  (LOCAT(L.|ROW) . [Q.  ICOL) GOTO 25e 

24e CONT I N~JE 
2se C O ~ ( L , I f ~ W )  - COMA.(L.IROW) + S T I ( K . J )  
26e CONT ! NNJE 

Rr, TURN 
C 
C GENERATE ELEMENT MATRIX 

5oe co  - AREA / 12. 
DO 5 1 0  K -- 1 . 9  

s l e  S T | ( K )  - CO • I .e 
S T I  ( 1 . 1 )  - 5 T I ( 2 . 2 )  - S T I ( 3 . 3 )  - CO • 2 . e  

c 
C ASSEMBLE GLOeAL MATRIX AN{) STORE IT IN COMPACT FORt4 

DO ~6e NE - I ,NELE 
DO 56e K - ! ,NN(X) 
IR(~f -- NOO(K,NC) 
DO S6e J - I .NNOO 
[COL - NOO(J.NE) 
L - 7  
IF ( ICOL . [Q.  [ROW) GOTO sse  
DO 540 L - 1 .8  
IF (LOCAT(L.IROW) . [O .  ]COL) GOTO SSe 

54e CONTINUE 
55e COMA(L,IROW) - COMA(L. IROW) + $ T I ( K . J )  
56e CONT I NUE 

RETURN 
C 
C GENERATE ELEMENT MATRIX 

6ee IX) 66e NE - 1 .NELE 
A A - e .  
DO 61e K " I ,NNOO 
A(K)  - PS]UV(NOO(K.NE)) 

61e AX - A ( K )  + AA 
DO 62e K - 1.NNO0 
S -- A (K )  + A,A 
DO 62e L - I,N~OO 

62e S T | E L . K )  - C O O ; ( L . N E ) - S /  24. 
C 
C ASSEMBLE GL0eAL MATRIX AN0 STORE |T IN COMPACT fORM 

DO 66e K - I .NNO0 
IROW - NOO(K.N[)  
DO 66e J - I .  NNO0 
ICOL -- NOO(J.NE) 
L - 7  
IF ( ICOL .EO. [RO~) GOTO 654) 
DO 64e L - I ,  6 
IF (LOCAT(L.IROW) .EQ. ICOL) GOTO 65e 

64e CONT ! MU( 
651) CCMA(L.XROW) . COMA(L. IROW) + STZ (K . J )  
66e CONTINUE 

RETURN 
[NO 
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C C 
C C ~ I ~ £ S  FINDS ALL THE MON-ZIERO LOCATIONS Of" THE GL(~AL II~TR|X C 
C AND STO/q[5 THO4 IN TH( ARRAy L(~.AT C 
C C 
C • C 
C C 
C P ~ [ R S :  C 
C C 
C NPRINT - - O : NO PRINTOUT C 
C ~1~ I : THE ARRAy LOCAT |S PRINTED IR4ICH CONTAINS C 
C ALL INDICES OF THE k l0 l i -Z[~ IDMTfllI~ OF' TH( C 
C GL0eAL MATRIX C 
C C 
~ O ~ C C C C C C C C C C C C  % . . . . . . . . .  

~ T | N E  CORR[S (NPRINT) 
CO&ION /[LE).IENT/ LOCAT(6.18e) .N00(3.33e) 
CO~0N /'OIM/ NOOE . NELE . NCOL . ~  
DATA LOCAT /lese.e/ 
NNaD - 3 
DO 4e N[ - 1 . N(LE 
O O 4 e K -  1 . NNO0 
IROW. |AOS (NOO(K.N()) 
004e  J -  1 . NN00 
ICOL .m lABS (NOO(J.N()) 
IF ( IR~i  .[Q. ICOL) GOTO 4e 
Do ..xe L - 1 . 6 
IF I~LOCAT (L, IROi)  .trQ. iCOL ) GOTO 4e 
|F (LOCAT(L,IROW) .N(.O) GOTO 30 
LOCAT(L.IROW) - ICOL 
OOTO 4e 

3e C~¢T I NU[ 
4e CONT [ h~J( 

C 
C PRINT OUT ( IF  REQUIRED.) 

IF (NPR[NT .EQ. 0) RETURN 
PRINT 2ee2 
IX) ~ K-1  . N O 0 [  

~e PRINT zee~. K.(LOCAT(J,K).J-~.6) 
2ee~ FOrest ~(lX.14,SX.eXS)) 
2ee2 FCRt4AT (1H1.2X.4HI~O[.3X.I~4N(IGHIBOURING NOOI[$) 

R~TIJRN 
(NO 
~."~OUTINE L~P~'A (PSI.C.NX.NZ.G) 
otu[~,r:~t ON rL~,,t (.~e, ~,e), J~s(4.1 re),  i,,u~s( t Is )  .NUU(le) .PSI ( I ) 
DATA NUM/1,| o tH2. IH3.1H4.1H5.1H6. IH7.1H8.11-19.1He/ 

I FOR'aM (J/4X. 2315//) 
2 r01~4AT(1H , 1,3) 

r(X~VAT(~H .TX, 1 t6AI) 
4 FORIdAT(tH.~ . T X .  116A1 ) 

KK -- II) 
D O ~ K -  I . N X  
0 0 ~  I , 1 . N Z  
KK -- KK + 1 
rUN(~,L) - PS~(KK)/G 
K-3 

FK,-K 
FN-N 
I -e 
NY-NZ-1 
LENO-K 
PR|NT | ,  (J ,J - | .NZ)  
JB-I 

le I - l+1 
PR|NT 2, I 
] P l - I + l  
l i t( IPt .GT.NX) IP1-1 
0(3 15 J ' l  ,NZ 
xot r=(rUN(IPI .  J ) - rUN(I .  J)) /FK 
JX-I+N- (J-JO) 
A,~3( I .  JX)-IruN( I .  J) 
DO 1~ L-2.LENO 

15 ANS(L, JX)-ANS(L-1, JX)+XDI r 
18 DO 2e J-1 ,NY 

JX-1 +N. (J-Je) 
DO 20 L-1 ,LEND 
xO I r-( A,,,IS (L. JX+N )-ANS ( L. JX) )/IrN 
M1-JX+I 
M3--JX+N-1 
DO 2e kk.t41 .kL.1 

2e AN~(L.M)-ANS(L.I~I )-~YOIF 
u£XO.,,¢3 
DO 5e k-1 .LENt) 
DO 4e M,.,I ,UENO 
IF(ANS(L.M).GE.e,) GO TO 3e 
AAN~rj~-- ANS ( L, U ) 
K~NS-~ * AJ~P3 
KKAN~2 * (KANS/2) 
|f(KAN~.(Q KKANS) GO TO 3~ 

25 K AN~KANS/2 
K A N . ~  ( KANS. ]e) 
| F(KAN~. (O.e) KANS-le 
z ~NS(U).-NUU(K~U~S) 
GO TO 4e 

K K ~ 2 e  ( KANS/2 ) 
IF(KAN~.[Q.KKAN~) GO TO 2~ 

4e CONT INLJ[ 
I r (L .GT.1)  GO TO 45 
PRINT 4. (tANS(M) .M,,1 .M[NO) 
GO TO 50 

4~ PRINT 3.(IAI~S(U).~,..~."[~)) 
5e CONTINUE 

IF(I-NX) le .55.65 



280 I. M. NAvo~ 

5"  LE:ND- 1 
|-1+1 
PRINT 2,1  
IX) (Hi Jml .NZ 
JX-I+N* (J -JS)  

ee ANS(1 .JX)- r~(1.J)  
GO TO 10 

65 PRINT I . ( J . J - 1 . N Z )  
RETURN 
[N0 
SUBROUTINE: LOOK (UU,W,PS[PS|.NX,NY,T|M[.NTIME.G.NOOE:,F') 
COIAt0N /COR / X(19Z).Y(192).DISTX,OXSTY 
C0114ON/[ NVRNT / I-IMEAN. ZlI4EAN. EN [RGY 
DIMENSION UU (NOOE} ,W(NOOE) ,1~ ]1~3 [ (NOOE). F (NOOE) 
OZMENStON u(3e,3e) ,v(3e,'~e) .PHI (3e.3e) .x(3e.~e) 
DATA INO/OI.NST[PIOI, TIU[AIe,I 
[PR . NTIME 
OX - OISTX 
DY - DISTY 
KK - e  
NXM - NX - I  
h "n4 -  N Y -  I 
DO 4 K ,, I.NXM 
DO4 L -  1.NY 
KK - KK + I 
[~ ' I [ (K,L)  - PS]PS[(KK) 
u(:,L~ - uu~K) 
V(K, L) W(KK)  

4 CONTINUE 
T ] MEB-SECONO (CPU) 
DPT ] ME- T [ MEB-T l MEA 
iF( INO.GT.B) GO TO 5 
G4 INV-I  . / ( 4 .  ,'G) 
ARr.A=-NXM. (NY-I) 
ECNST-OX * OY/(C+G) 
E2-e. 5oOXoOY 

5 SLOE NC,.-~. 
HMEAN.-@. 
F AC-,e. 5 
00 4e K~I .NY 
IF(K.EO.NT) rAC=O. S 
HEL-e 
ENEREL-e. 
DO le  d-1 .NX u 
PHSQ e PHI (J .K )  
ENERE LwPH'~t ( PHSQ+U (J .  K ) ,U ( J. K )+V( J. K) • V(J .  K ) )+rNEREL 

le CONTINUE 
DO 15 J - I  .NXM 
H ( J , K )  -- P H I ( J , K )  / G 

15 HEL~HEL+H(J. K) 
I r ( r A C . Z O . I )  GO TO 35 
HEL~dEL* F'AC 

3~, HME AN-#-IaEAN+H[ L 
SLlaENC-SUI4E NC+ E N E R E L 

4@ FAC-I  .e  
1"i41r AN-.HME AN/AREA 
ENERGY-SUME NC • ECNS T 
ZUEAN-e. 
DO 6e K-2.NYM 
DO 6e j - I  .NXM 
JP1-J+I 
JM1-J-1 
I F( J. EO. I ) JUl -NXM 
I Ir (J ,  EO,NXM) JPI-1 
vx-(v(JP~ .K)-v(J.1 . K ) ) / ( 2  .oN) 
UY-(U(J.K+I )-U(J ,K-1 ) ) / (2 . .OY)  
A-VX-UY+ r ( K ) 

6e ZMEAN,-ZMEAN+A iA IH(  J. K ) 
ZMEAN~ZMEAN e E2 
IF(NTIME.LT.B) GO TO 45 
NST[P-IPR 
T ! MEA-SECON0 ( CPU ) 
]F( IND.NE.e)  GO TO 45 
EN2-ENERGY+ENERGY 
I ND-,1 
GO TO 58 

4.5 IF ([NERGY,GT.EN2) STOP I 
5e RETURN 

END 
SUBROUTINE: DX (R. ¢. A.NO.')f. NR.NC. D I STX) 
DIMENSION R(192) .S(192 J .A( 192).  T(15) .U(15) .  X (1S) ,W( |5 ) ,Z (15 )  
NX-NC+ t 
NY-NR+ I 
NXt-NC 
NX2-NX-2 
COF'~84. *DISTX 
Ne~-NY 
DO I J~1 ,NY 
NO-N°+ 1 
N-,Ne 
DO 2 l -1  .NX 
N,-N+NY 

2 ~11t'A~N) [ )=SEN) 
C f" l RST STAGE 

U( ] )--(--S. • T(3:)-32. *T{2)4'32. eT(NX)+5, eT (NX I ) )/COF 
U ( 2 ) - ( - 5 .  o T ( 4 ) - 3 2 . . T ( 3 ) + 3 2 .  °T( 1 )+5. -T(NX) )ICOF 
DO 3 I -3 ,NX2 

3 U( ! ) - ( - 5 . . , T  ( 1+2)-32.  °T( |+1 )+12. eT ( I -1  )+5. °T( I -2 ) ) /COF 
U(NX1 ) - ( - S .  °T( 1 ) -32 .  °T (NX)+32. °T(NX2)+5. ° T (NX-3))/COF 
U(NX)-(- '5.  ° T (2 ) -32 .  °T( I )+32 . .T  (NXI)+5.  • T (N)[2))ICOr 
CALL CYCPNT(U. Z .NX) 

C SECONDSTAGE 
U(I)-(X(NX)eZ(NX)+X(NX)*Z(I)+X(1)eZ(NX)+X(I)°Z(2)eX(2)eZ(1)+X(2)* 

• z(z) )112 +x( I ) .z(  I )12  
130 4 ] - 2 , N X I  
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IM,,,,. I - 1  
IP,= [+I 

' U( [ ) - (X( IV)  ,Z( I , ) *X (  IM).Z( 1 )+X( Z ) ' Z (  IM)*X( l ) ,Z( IP)÷X( iP) ,Z(  I )+Z( m 
• ) ,Z ( IP)  ) /12.*X( I ) -Z (  I ) /2 .  
U(NX)-(X(NXl ).Z(NXl )*X(NXl ),Z(NX)÷XCNX)-Z(NXl )+X(NX),Z(1)+X(~ ) ,Z(  

• NX)+X( 1 ) . z (  I ))/12.+X(NX).ZCNX)/2. 
CALL CYCTRD(U.W.NX) 
N--N° 
DO 5 Iml.NX 
N,,N+NY 

5 R(N)...W( I ) 
I CONTINUE 

N,-NX • NY 
CO 6 J-1 ,NY 
N,-N+ I 

6 R(N)IR(J ) 
RETURN 
ENO 
SUeROUT I N( PENTOG(U. F. HX) 
01MENSION U(NX).F~.NK) 
REAL DEL(15). LAM(15). GAM(15) .l&) 

SUBROUTINE PENTDG SOLVES THE EQUATIONS 
A.U( I-2)+8,U( I-1 ) ~ ,  ( I )+O- ( 1+1 )+E, ( 1+2)-F( 1 ) 
FOR 1.LE.I.LE.NX 
WITH / ~  FOR [m| ANO 1-2 

B-e FOR 1-1 
o-e FOR I,-NX 
[.,,e FOR I - (NX- t )  /~N{:) I,,,,NX 

P~- 1./Te. 
8,,16./7e. 
C-36./7e. 
O-e 
E-A 

NX 1-NX-I 
NX2-NX-2 
NXS-NX-~ 

I-1 
oE,~l } -o/c 
L*U~, 1 )-(/c 
CAM( 1 )-F ( 1 )/C 

I-2 
k~J-,C-B.OEL ( t )  
DEL( 2) - (0-8 .  LAJ~( 1 ) )/MU 
LAM{ 2}-£/MU 
GAM(Z)-(F (2)-e.c*J~( I ) )/~U 

} LE.I. L[. (NX-2) 
DO 1 I-3.NX2 
BETA-B-A.OEL(1-2) 
k#J.,WC-BE'fAeOEL ( 1-1 )-A, LAM(I-2) 
o(L~ t ) - (O-OZTA.L~( I -1  ) ) /~J  
L ~ ,  ) - (A,U 
G~A( I ) - ( r (  I )-BETA,GAId( 1-1 )-A,CAM(I-2) )/I~U 

1 CONT INU£ 
I-,NX~ I 

BFTA-B-AeOEL (NX3) 
MU-,C-EIETA ,OEL ( NW2 ) -k -  LAM( NX3 ) 
Otr L(~NX 1 )-(D-BETA, LAId(NX2 ) )/MU 
C~wt(NX 1 )-(F(NXl )-BETA.GAM(NX2)-A,GAId(NX3) )/MU 

I-NX 
BETA-B-A,OEL(NX2) 
MU...C-BETA°DEL(NX 1 )-A° L/~I(NX2) 
GAM(NX ) - ( f  (NX)-BETAoG/~(NX I )-A-GAM(NX2) )/MU 

BACK SOLUTION 
U(NX)",GAM(NX) 
U(NX1 )..GAM(NX I )-DEL(NX1 ) eU(NX) 
DO 2 d-I  .NX2 
I-NXI-J 
U( I )-(;AM( I )'-OEL ( I )-U( f+ l  )-LAM( I ).U(I+2) 

2 CONTINUE 
RETURN 
ENO 
SUBROUTINE CYCPNT (D. Z.NX) 
DIMENSION 0(15) .Z(15). TMP(15).V(15) .W(15.2) .FN(15) 
/~. 1./Te. 
B,,16./70. 
C-36./7e. 
NX I.,NX-I 
NX2,,,NX-2 
NX.~,NX-X 
NX4-,NX-4 

CALCULATE W,.,,E( INVERSE)FN 
FIRST COLUMN 

DO 1 I-2.NX4 
t FN~ I )..e. 

FN(I ) -A 
FN~NX3)'A 
FN(NX2)-B 
CALL PENTDG(TMP. FN.NX2) 
DO 2 I-1 .NX2 
W(I. | )--TMP(1) 

S ECO~'~O COLUMN 
2 w(1 ,2) -T I~(NXI - I )  

CALCULATE V-E( INVERSE)O 
CALL PF'NTDG(V. D. NX2 ) 
~W1 t--AeW I t ,  I )+AeW~NXS. 1 )*BeW(NK2.1 ) 
GWI 2--k-W~ 1,2)+A-W~NW3,2)+B,W(NX2,2) 
GW:I-BoW( 1.1 )+A,W(2.1 )+A,W~NX2. I ) 
G'W~. 2-e ° w ( I .  2)+A°W(2.2)+AeW(NX2.2) 
GV1-AeV( I )'~AeV(NX3)+B,V(NX2) 
GV2,,8-V( 1 ) +AeV( 2)+A,V(NX2 ) 
0UCVl-.O(NXl ).-GVt 
DMG'V2-.O ( NX)-GV2 
C1 t.-C-GWl 1 
C 12-1B-G'W 12 
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C21-B-Gtr21 
C22-C-GW22 
CDET-C 11 eC22-C 12 "C21 
Cl 11,-C22/CDET 
CS 12-(-Cl 2)/COOt 
CZ 21-(--C21 )/CD(T 
C I22-C11/CO(T 
Z(NX1 )mCI 11 eDM(;;V 1-~C I 12 oDMGV2 
Z (NX) .,C X 21 *0MG;v 1+C 122 *DMCV2 
DO 5 | - 1  .NX2 
WZ-W( ] .  1 ) eZ(NX1 )+W(1.2) ,Z(NX) 

5 Z(I )-V(I)-WZ 
RETURN 
ENO 
SUBROUTINE NCTRD(U,0,NX) 
D IM[NSION U(NX). 0(NX) .8(T (15) .CAM(15) 
~-1 . /6 .  
B,2 . /3 .  
C-A 
AC-1 ./36. 
NX 1-.NX-1 
NX2-NX-2 
NX,T-NX-3 

C I-1 
SET ( 1 ) -1.  
c ~ (  ~ )..o( 1 ) 

C I-2 
BET(2)-1. 
c*M(2),,o(z) 

C I-3 
e(T(3) -~ .  
G~M(3)-O(3)-AeGAM(2) 
DO 1 |-4,NX2 
SET( I )..B-AC/BET ( I-1 ) 
GAM( I ) - ( O (  I )-AeGAM( I-1 ) )/BET( I ) 

I CONTINUE 
C I-NX-I 

B(T(NXl ) - ! .  
GAM(NX I )==O(NX | ) 

C I-NX 
GAM(NX ),-O(NX) 
U(NX),-G~(NX) 
U(NX1 )-CAM(NX 1 ) 
DO 2 I-2.NX3 
J-NX- I 
U(J ).-C~(J )-C.U(J+~ )/SET(J) 

2 CONTINUE 

u ( 1 ) - c ~ ( t )  
Rlr TURN 
[NO 
$UBROUT I N( CYCTRD(O, Z.NX) 
DIMENSION O(t 5) .Z(15) .W(15) .V(15). FN(15) 
A-t . / , .  
8- 2 . / a .  
NXt~NX-1 
NX2,-NX-2 

C CALCULAT( I~-(( INV(RSE)FN 
rN( I )-A 
FN(NX1 )-A 
DO 1 I-2.NX2 

1 FN(I ) -e .  
CALL TRIOG(W,FN,NXI ) 

C CALCULATE V-( (  I NV(RS()D 
CALL TRIDG(V.D.NXI) 
G'W'A • (W( I )+W(NXI ) ) 
GV-ke (V(I)+V(NX I ) )  
~V, ,0 (NX) -CV 
Z(NX),<~CV/(e-C*) 
DO 2 I-1.NXt 

2 Z( I ) -V(Z) -Z(NX) ,W(I )  
RETURN 
END 
SUBROUTINE TRIOG(U.D.NX) 
DIMENSION U(15) .D(15) .SET(15) .CAM(15) 

C 
C TH£ EQUATIONS ARE 
c A,U(Z-1 )+e ,u(z )+C,u( I+ I ) , -O( I )  
C WITH A-,4} FOR I-1 
C AND c-e FOR I-NX 

~,I  . /6 .  
s -2 . /3 .  
C-A 
AC-'t . /36.  
OCT(,),-e 
c ~ (  I )..o( ~ ) /e  
IX) I I-2.NX 
eCT( I )-6-AC/gET ( [ - t  ) 
CAM( I ) - (0 (  I )-A.GAM( I-1 ) )/BET( I ) 

I CONT I NU[ 
U(NX)'~;AM(NX) 
NXl-NX-1 
00 2 I-1 .NXl 
J'NX- I 
U(J )=.GAM(J)-C-u(J+ 1 )/B(T (J)  

2 CONTINUE 
RETURN 
(NO 
SUSROUT I N( OY(R, S, A, NO0(, NR, NC, O ] STY) 
01MENSION R(t 92) ,SO92) ,A(192),T(t  2),U(12),X(12) ,W(t 2) ,Z( t2)  
NX-NC+ 1 
NY-NN+ 1 
NYI.mNY-1 
NY2.,NY-2 
NY.~NY-3 
NY4~NY-4 
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COFo.d~4. *OlSTY 
COF2~12. e0I STY 
Ne,,,-m' 
DO I I-1 .NX 
Ne,,Ne44~ 
N--N• 
DO 2 J-1 .NY 
N,-N+ 1 
T (J ) - * (N )  

2 X(J)-S(N)  
FIRST STAGE 

U( 1 ),-e. 
U(2) - ( -32 .  ,,T(3)*32. ,,T( I ) )/COF 
DO 3 J-3.NY2 

3 U ( J ) - ( - 5 .  ,,T (J+2)-32. ,,T (J* l )+32 .  *T(J-17+5. ,,T(J-2) )/COt" 
U(NYI I - ( - 32 .  *T(NY)+32. *T (NY2))/COF 
U(NY)..4D. 
CALL PENTOG(I.U.NY) 
Z(1 )-~-2~). eT(I ) *48 . -T (2 ) -36 .  •T(3) ,15.  *T ( 4 ) - 3 . -T (5 )  )/COF2 
Z(2 ) - ( - 3 .  ,T( I ) - I 0 .  ,T(2)+18. ,T (3 ) -6 .  ,T(4)+T(S) )/COF2 
Z(NYI ) - ( - T  (NY4)÷6. eT(NY3)-18. ,T (NV2)+le. ,T(NYI )+3.-T (NY))/COF2 
Z(NY)-(3. *T(NY4)-16. -T(NY3)+36. ,T (NY2)-48. *T (NYI)4"25. eT(NY) )/COF2 

SEC(3NO STAGE 
T0-4. -T( I ) -6 .  *T(2)*4.  *T (3 ) -T (4 )  
TNYP 1-4. ,T(NY)-G. eT (NY1)+4. *T(NY2 )-T(NY3) 
XO-4. •X( 1 I -6 .  *X(2)+4.  *X (3 ) -X (4 )  
XNYPI-4. *X(NY)-6. *X (NYI 1+4. *X(NY2)-X(NY3 ) 
Z0,. .(-25..Te*48. ,,T( 1 ) - 3 5 . - T ( 2 ) + 1 5 .  *T ( 3 ) - 3 .  *T(4) )/COr2 
ZNYPI-(3.-T(NY3)-16. •T (NY2)+36. ,,T(NY17-48.-T(NY)+25. ,,TNYP 1 )/COl2 
U(~ 1 ) - ( xe , ze+xe ,z (  I )+x( 1 ),Ze+x ( t ) ,Z(2)+X(2) ,Z(1 )+X(2) ,Z(2)  ) /12.  + 

. x (T ) .z (1 ) /2 .  
DO 4 J-2.NYI 
JM-J- I 
JP-J+t 

4 U(J)-(X(JM)eZ(JM)*X(JM) ,Z(J)+X(J)*Z(JM) ;-X(J)*Z(JP)+X(JP)*Z(J)+X( 
,JP),*Z(JP))/IZ.+X(J)eZ(J)/2. 
U(~NY ~-( X (NYI),Z(NYt )+X(NY1 )*Z(NY)*X(NY) eZ(NYt )*X(NY)* ZNYP 1 +XNYP I • 

• Z(NY)*XNYPI eZNYPI ) / I  2, *X (NY) *Z(NY)/2. 
CALL NCTRO(W. U.NY) 
N--N• 
, ( ~ ) - e  
W(NY)..4I. 
DO ~ J-1 .NY 
N ~ I  
R(N)=W(J) 

I CONTINUE 
N,-NX eNY 
DO 6 J. ' l  .NY 
N-'NI, I 

6 R(N)~(J) 
RETURN 
[N0 
SUBROUT I NF FUNCT (N. XC. FC.GC) 
COMuON/O L 0 /  X0(54@) ,He, Ze, [e ,  ALPHA.BEETA. TG. F(18e~ .NX.NY.OX,OY, 

IPNLTH.PNLTZ.PNLTr .UH.uZ.uf. ETA. EMI NN 
CCMMON/| NVRN T/HMEAN. ZMCAN, ENERGY 
0WUENSI0~ xc(~,4e) .Gc(54e) .oz(54e) .0HO Be) 
M 12.,N/3 
M21,=M%2+l 
M22,-M 12+t412 
M31-M22+ t 

CALCULAT r FUNCTION VALUE FC 
SUMSQ-e. 
DO 1 I I -1 .M22 

t SUMSO-SUWSO*ALPH~. (WC( ! I )-XO( I I ) ) . . 2  
DO 2 I I-tL31 .N 

2 .T.LL~SO..SLA, tC~Q~BE ETA- (WC( I 1 )-XO( | | ) )• ,2 
CALCULATE" [ .Z  ANO H 

G,-e. 5*TG 
CALL LOOK (XC(t)  .XC(181 ) .XC(361 ) .NX+1 ,NY,e . . - I  .G.M12.F) 
HI) l F-mEAN--~ 
[01 F-ENERGY-E'e 
ZD I F-ZMEAN-Ze 

FC-SUMSQ*PNLTE*fDIFee2+PNLTZ*ZOIF*e2+UZ•ZDIF+UE,F'DIF 
• +PNLTHe HD 1 F • • 2+UHoHO | F 

CALCULATE OZ/DU ANO DZ/DV ANO DZ/OH 
TDX-DX-2. 
TDY-0Y•2. 
DY2"OY/2. 
OX2-OX/2. 
CI,,G• ( -Ox,0Y)/2.  
C2",G,DX2 
C3,,,G,DY2 
NYM1,-NY- 1 
AREA=~ 1 ./(NX* (NY-1) ) 
~REA2-AREA/2. 
IU-e 
DO 3 I-1 .NX 
DO 3 J-1 .NY 
IUIIU+I 
IV, IU+MI 2 
IH.. IU+M22 
oz( iv).,.* 
DZ~ IV)-O. 
DZ(IH)-O. 
DH ( I U ) - ~  EA2 
IF,(J.[Q.t.OR.J.£O.NY) GO TO 4 
D H ( I U ) - ~  
I te4S- I H-NY 

IVNS-- I ~ Y  
I ~ I U - N Y + I  
I UI,~- I U-NY- I 
IF ( I .NE . t )  GO TO 5 

283 
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C CYCLIC X BCUNDS 
I H I ~  I PIMS-~M12 
I ~aS,., I W45-Ha 12 
l VNS- l VN.S-~M 12 
IUla~, IUMR+MI 2 
I UMM,- I Uk~+M 12 

$ IF( I .EO.2)  IV~S,mIV~F~U12 
[HPS--IH+NY 
I+IV÷#iY 
l + l ~  

I ~  [U-HMY-1 
IF ( I .NF ' .NX)  GO TO 6 
IHPS- l HPS--MI 2 
IVPS- [VPS-MI 2 
I V(7-~, I VQS-MI 2 
IU@P,, 10PP-MI 2 
I UPS/- [ UPM--&I 12 

6 IF( I .EO.(NX-1))  IVCF,~-,IVQS--MI2 
oz( i v ) - (  ( ( (xc( IV)-XC(iVNS) )/TOX-(XC( IU~P)-XC(IUMM) )/TDY+r (J) ) 

1/XC(IHMS) ) - (  ( (XC( IVOS)-XC (XV) )/TDX-(XC( l U ~ ) - X C ( I U ~ )  )/TOY* 
2r(J) )/xc(Iki'S) ) ).C~ 
OZ( [H) - (  ( (XC( [ VPS)-XC( [ vt, IS) )/TDX-(XC( [U+I )-XC( IU-t  ) )/TDY+F(J ) ) • ,2 

. / (XC( [H) . .2 ) ) -C1  
4 OZUL,-e. 

DZUR-e. 
IF(J.GE.NYM1) GO TO 7 
[ VPP- [ V+NY+ 1 
[ V M P . i V ~ + I  

. EQ.NX) I VPP- I VPP-M12 
DZUL=.C2,, ( (XC( IVPP)-XC( IVMP} )/TOX-(XC( iU+2)-XC(IU) )/TOY+ 
IrCJ+i))Ixc( x ~ i  ) 

IF(J .LE.2)  GO TO 8 
7 [ VPM,, i V+NY- I 

I V'MM-- I V-NY- 1 
lr~l.Ee.l) l vl,l,t,, l v i ~ l  2 
l f ( I  .[Q.NX) I vPli,, l 7Pii-M12 
DZUR,.C2. ( (XC( lv l~) -xc(  iV~)) /TOX-(XC( IU)-XC( iU-2))/TOY+ 

1 r ( j -1  ) ) /xc (  i . -1  ) 
8 oz( lU).-OZUL-OZUR 
3 CONTINUE 

C CALCULATE Or/OU 
TALPHA-2. *ALPHA 
TS[TA-2. oBEETA 
C2-OXeOY 
C3-C2. EOl F/G 
C i -2 .  *C3 
C4-,UEeOXiOY/G 
C~-C4/2. 
DO le IU-l ,M12 
[ H.,. l U.~22 

ie GC( IU)-TALPHA. ( IC( IU)-XO(IU) )+PNLTEeC I eXC( IU)oXC( [H)+2..ZD l F'o 
1OZ( IU)ePNLTZ+C4eXC( IU)eXC( [H)+UZt0Z([U) 

C CALCULATE OF/DV 
DO 11 [V-M21.M22 
IH-IV-Hd12 

11 C..C(~ IV)-TALPHAe (XC( lV)-XO(IV) )+PNLTIr eC1 oXC( IV)oXC( IH)+2..ZDI F* 
1OZ( [ V) *PNLTZ+C4,,XC ( I v )  *XC( I H)÷UZeOZ(IV) 

C CALCULATE OF/OH 
DO 12 [U,-I .M12 
IV-IU.H~12 
[H-- IU+M22 
UVH-XC ( [U).*2+XC( IV)ee2+TC-XC(IH) 

12 GC( IH)-TBETAe (XC( I H)-XO([H) )+PNLTH*2. eHO[ F'*OH( IU)+UH-DH([U) 
e+2..ZDIFeOZ(IH) .PNLTZ.HJZ.DZ( I H ) +PN LT [ eUVH .C3+C5. UVH 
RETURN 
END 
SUBROUTINE SMOOTH(ZK. TEM.NX.NY) 
DIMENSION C(3 ,2 ) ,  ZK(12,15). TEM(15) 
DATA ( ( C ( l  . J ) .  | - I  . 3 ) . J -1 .2 )13 .B798 . - I .  77eg7.e.331e65.e.375.e 25. 

I e 6 6 2 5 /  
NXleNX-1 
NYI-NY-I 
DO 3ee KK-1,2 
Cl.-C( I .KK) 
C>Cl2.KK) 
C3-C(3,KK) 

C SMOOTH IN Y--O|RECTION 
DO 3el I - t .NX 
DO 3ee5 J-2.NYt 
IF(J rO.2) GO TO 25 
]F(J.ED.NY1) GO TO 35 
GO TO 4e 

25 TWO-ZK ( ! .  J+2)+2..ZK( | ,  J-1 )-ZK( | .  J) 
GO TO 5e 

35 T~k~,,.2..ZK( l .  J+l )-ZK( I ,J )+ZK( I ,J -2)  
GO TO 5e 

4e TVK)-ZK ( I ,  J+2.~+ZK ( I .  J-2)  
Se CONTINUE 

TEM( J ),-C 1 • ZK ( | . J )4-C2e ( ZK ( [ , J -  1 )+ZK ( l . J+l ) )+TWOeC3 
3005 CONTINUE 

DO 3ee6 J-2.NYI 
3ees ZK( I .J)-T--~4(J) 

3ei CONTINUE 
C SMOOTH IN X-DIRECTION 

DO 3e2 I -2 .NXl  
I;1|| Eo 2)Go TO . .  

.EO.NXI) GO TO 185 
GO TO 2ee 

17e I"YK)-2, *ZK( I - I  .J)-ZK( I .  J)+ZK( 1+2 .J)  
GO TO 23e 

185 TWO-,ZK ( 1-2. J)+2..-"K( ,+1. J)-ZK( l ,  J) 
GO TO 23e 
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200 'rwcb, zK ( I - 2 .  J )÷ZK ( I • 2. J) 
23e TEM( l ) -C I ,ZK(  | ,  J)'~C2, (ZK ( 1- I  ,J)+ZK( l+1.  J ) ) ~ C 3 - T ~  
5e2 CONTINUE 

IX) 3e25 I - 2 .NX l  
3e2s ZK(  I , J ) ,T [M(  ; ) 

3e,~ CONTINUE 
3ee CONTINUE 

RETURN 
£NO 
5USROUT I N[ UI~II T (N, XC, FC,GC, NCAL L, TEST) 
LOGICAL TEST 
COkeAON/O LD/ xo(54e)  . f le ,ze ,  Ee,ALPHA.BETA,TG. F( 1 Be) ,NX,NY.OX,DY, 

II~ILTH,PNLTZ, PNLTE ,UH, UZ ,UE, ETA, EM 1NN 
COMMON/I NVRNT/HMF.AN, ZMEAN, ENERGY 
0 I M [ N S I O I  xC(54e) ,Gc(5,e) 
SUMSQ-e 
NXNY,,NX • NY 
GNORt~-e 
DO 1 |U-1 .NXNY 
IV~ I U.+NXNY 
IH-,IV+NXNY 
SUMSQ~SUMSQ+ALPHA, ( (I(C ( [U)-XO( I U ) ) * ,  2+(XC ( [ v ) - x o ( I V )  ) • • 2) +EIE~TA* 

1 (xc( x.) -xo(IN) ) , . 2  
~ N O R t ~ + G C  ( ]U)  oe2+GC( [V),*2+GC( [H) - *2  

1 CONTINUE 
GNORM-SQRT (GNORM) 
| H--NXNY~NXNY 
G-TG/2. 
CALL L0(~K (XC( 1 ) ,XC( 181 ) ,XC(361 ) ,NX+I ,NY . e . . - 1  .G, NXNY. F) 
1'40 1 F'-,HMEAN-t'~ 
EOI F-ENERGY-Ee 
ZD I K-ZME/~-ZB 
ENORM-.SQ'RT (ZO I r e,, 2+EO | F" • • 2) 
EENRM~E TA* ENORM 
TEST- (GNOr~,4 L E. AMAX 1 ( [(N#I'M, [M [NN ) ) 
PRINT 2 ,NCALL. SUMSQ,GNORM, HO l r ,  zo | F. EO I F. ENO~M. [ENRM. [M INN 

2 FORMAT("esut~SQ AT CALL " , 1 5 , "  - " ,E12 4 . "  . GNORM - " . [ 1 2 . 4 /  
Q" ERRORS . H .  Z \ &  E : " . 3 E 1 4 . 6 / "  NORkl ~ " . E 1 4 . 6 . 1 0 X .  
• " ETA • NORM - " , [ 1 4  6 ,1eX, "  MIN. VALUE - " ,E14 6) 

IF (TEST) EMINN,.,AMAXI(EENR'M.IEMINN) 
RETURN 
END 


